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The results described in the dissertation and in this thesis have
been published in the following three papers: [47], [48], and [49].

Introduction

A function M : I¢ — I is called a d-variable mean on an
interval I if for all (x1,...,24) € I%, the following so-called
mean value property

min(zy,...,xq) < M(z1,...,2q) < max(zy,...,zq)

holds.

The goal of Chapter 1 is to construct a general class of means
based on a Chebyshev system, a measurable family of d-variable
means, and a probability measure. In order to define this class of
means, we recall the notions of Chebyshev system and measur-
able family of d-variable means, respectively.

We say that the pair (f, g) forms a (two-dimensional) Cheby-
shev system on I if, for any distinct elements z, y of I, the deter-
minant

'f y)

(y)

is different from zero. If, for x < y, this determinant is positive,
then (f, g) is called a positive system, otherwise we call (f,g) a
negative system.

We say that m : I% x T — I is a measurable family of d-
variable means on I if

nga:y

(H1) I is a nonvoid open real interval.

(H2) (T,A) is a measurable space, where A is the o-algebra of
measurable sets of 7.

(H3) Forallt € T, m(-,t) is a d-variable mean on I.

(H4) For all z € I¢, the function m(z, -) is measurable over 7.

If (H1) and (H3) hold, and additionally we have that

(H2+) T is a topological space and A equals the o-algebra
B(T) of the Borel sets of 7.



(H4+) For all z € I, the function m(z, ) is continuous over
T,
then m : I x T — I will be called a continuous family of d-
variable means on I.
The following lemma is the key to construct a mean in terms
of a Chebyshev system, a measurable family of means, and a
probability measure.

LEMMA. Let m : I¢ x T — I be a measurable family of
d-variable means, let p be a probability measure on (T, A) and
let (f,g) be a Chebyshev system on 1. Then, for all x € I, there
exists a unique element y € I such that

(D /ng ,y) du(t) = 0.

In addition, if g is positive and f /g is strictly monotone, then

y_<g) (ﬁg(( ;jZED

The above lemma allows us to define a d-variable mean
My gmy : I8 — I. Givenz € I% let My, ., (x) denote the
unique solution y of equation (1). In the particular case when g
is positive and f/g is strictly monotone, for all x € I, we have
that

B [ f(m(z,t)) du(t)
@) Mypgmu(®) = <g> (ng( t)) du(t ))

This mean will be called a d-variable generallzed Bajraktarevié
mean in the sequel.

In the case when m is a two-variable family of weighted arith-
metic means, this class of means was introduced and their com-
parison problem was also solved in the paper [34]. When g = 1,
then

My (@) = £ ( | #(miz.0) du@)) (eI,




which will be termed a d-variable generalized quasi-arithmetic
mean.

To define the d-variable generalized Gini means, letp,q € C
such that either p,g € Rorp = ¢ = a+bi, a,b € R, b # 0 (this
holds if and only if p+ ¢ and pq are real numbers or, equivalently,
if p and ¢ are the roots of a second degree polynomial with real
coefficients). For x € R, define
3)

(2P, x) ifp,g €R, p#q,

zPlog(x), xP ifp=q€eR,

(@) gloy = { 7 E) AR
(2% sin(blog(z)), z* cos(blog(x)))
ifp=g=a+bi ¢gR.

The d-variable generalized Gini mean Gy g, is defined now
to be the d-variable generalized Bajraktarevic mean My ;..
where f and ¢ are given by (3). Let I be an open subinterval
of Ry such that I is contained in the open interval ] exp( —
21)»exP (3fy) [ if p = @ = a + bi ¢ R. Then the d-variable
generalized Gini mean Gy, ¢, is of the form:

(fT( >t) du(t)>1‘1
fT( 775) du(t)

ifp,g eR, p #q,

exp (fT (m(z,1))" og (m(.1)) dﬂ<t>>
Jr (m(z,1))" du(t)
ifp=qeR,

exp ( arctan (fT (m(=,1))" sin (blog (m(z,1))) dﬂ(t>))
Jr (m(z, )" cos (blog (m(, 1)) dp(t)

ifp=g=a+bi ¢R.




If ¢ = 0 in the above formula, then we get the definition of d-
variable generalized Holder means as follows: for all z € RY,
we get

(hOMmmﬂmm>;

PR LS X0 eE
pmip(T) 1=
o fT log (m(a:, t)) dpu(t) -
p( deM(t) ) fp=0.

The particular cases of these general means have been ex-
tensively investigated by Aczél-Dar6czy [1], Dar6czy—Losonczi
[13], Losonczi [20], [21], [22], [23], [24], Losonczi—Péles [34],
[35], and Pales [43]. For further reading, we refer to [5], [6], [15],
[16], [19], [25], [36], [41], [45], [50], [51].

Notations

For the sake of convenience and brevity, we introduce the
following notations. The class Cy(I) consists of all those pairs of
continuous functions f, g : I — R that form a Chebyshev system
over I.

If n > 1, then we say that the pair (f, g) is in the class C,, ()
if f, g are n-times continuously differentiable functions such that
(f,9) € Co(I) and the Wronski determinant

(@) f(x)
g'(z) g(z)
does not vanish on 1.

For (f,g) € Ca(I), the functions ®7,,¥s, : I — R are
defined by

= 0Dpy(ew)  (2el)

f// f' fl/ f/
! /! /
g g g g
= and Uppi=——"——.
f.g f/ f 1.9 f/ f
g9 g g g
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If p: I<T — R, and for some x € I%, the map t — o(z, )
is p-integrable, then we write

() ulz) = /T (@, t) du(t).

For a p-integrable function ¢ : T" — R define o* : T" — R
by

¢ (t) = o(t) = (P)u-

For a measurable family of d-variable means m : [ AT — 1,

for all z € I?, we introduce the notations:

m(x) := inf m(z,t) and m(x) :=supm(x,t).

terT te’T
Let C1 (1% x T') denote the class of measurable families of d-
variable means m : I? x T — I with the following additional
property:

(H5) For every t € T, the function m(-,t) is continuously
partially differentiable over I¢ such that, for all p € I,
i € {1,...,d}, the function &;m is of L!-type at p.

Analogously, we define C2(1¢ x T') to be the following subclass
of C1(I¢ x T):

(H6) For every t € T, the function m(-,t) is twice contin-
uously partially differentiable over I¢ such that, for all
pc I%andi,j € {1,...,d}, the function 9;m is of
L?-type and 9;0;m is of L*-type at p.

Similarly, we define C3(I¢ x T) to be the following subclass of
Co(I% x T):

(H7) Forevery t € T, the function m(-, ) is three times con-
tinuously partially differentiable over I¢ such that, for
allp € I%and 4,5, € {1,...,d}, the function &;m
is of L3-type, 0;0;m is of L%—type, and 0;0;0ym is of
L'-type at p.



Form € C;(I¢ x T)andr € {1,...,d}, denote

orm(zx,t) == Opym(x,t) — (Orm),(x) (el teT),
and, for x € I, set
2D = (z,...,2) e I%

For the homogeneity problem, we will use the following no-
tations. Given a nonempty open subinterval I of R and ¢ > 0,
introduce the following notations:

cl :={cx |z el} and I/ :={x/y|x,y €I}

These sets are also open subintervals of R and the interval I /1
is logarithmically symmetric with respectto 1, i.e., u € I/I holds
ifand only if 1/u € I/I. Itis also easy to see that the intersection
I :=1N (%I) is nonempty if and only if A € I/I. For a function
f I — R and number A > 0, the function f) : (%I) — Ris
defined by
Ia(x) = f(Ax).
Finally, for a real parameter p € R, introduce the sine and
cosine type functions S, C), : R — R by

(sin(y/=pa), cos(y=p)) ifp <0,
(Sp(2), Cp(x)) = { (2,1) ifp=0,
(sinh(y/pz),cosh(\/pr))  ifp > 0.

Comparison problem of generalized Bajraktarevi¢ means

The aim of Chapter 2 is to study the global comparison prob-
lem

) My, gmiu(%) < My jom() (2 € 1)

and also its local analogue. In terms of the Chebyshev systems
(f,g) and (h, k), the measurable families of d-variable means
m:1%x T — Tandn : I¢ x S — I, and the measures j, v, we
give necessary conditions (which, in general, are not sufficient)
and also sufficient conditions (that are also necessary in a certain



sense) for (4) to hold. Our main results generalize that of the
paper by Losonczi and Péles [34] and also many former results
obtained in various particular cases of this problem, cf. [11], [12],
[13], [26], [28], [42], [44].

Our first result offers a necessary as well as a sufficient con-
dition for the local comparison of means. Given two d-variable
means M, N : I — I, we say that M is locally smaller than N
at xg € I if there exists a neighborhood U C I of z( such that

M(z) < N(z)

holds for all z € U?. The case d = 1 being trivial, we always
assume that d > 2 holds in the subsequent considerations.

THEOREM. Let M, N : I¢ — I be d-variable means such
that M is locally smaller than N at a point xq € I. Assume that
M and N are partially differentiable at the diagonal point :E(()d) =

(z0,...,70) € I%. Then, for x = xo and foralli € {1,...,d},
(5) 8 M (z) = ;N (D).

If, in addition, M and N are twice differentiable at a:éd) e I4,

then the symmetric (d — 1) x (d — 1)-matrix
(d) (d)yyd—1

©) (0:0;N (wg”) — 0:0; M (x ))i,j:l

is positive semidefinite.

On the other hand, if, for some xq € I, the equality (5) holds
foralli € {1,...,d} and for all x in a neighborhood of x,
furthermore, M and N are twice continuously differentiable at
x(()d) and the symmetric (d — 1) x (d — 1)-matrix given by (6) is
positive definite, then M is locally smaller than N at x.

COROLLARY. Let (f,g), (h,k) € C1(I), letm € C1(I% x T)
and n € C1(1% x S) be measurable families of means, and let
and v be probability measures on the measurable spaces (T, A)
and (S, B), respectively. Suppose that My g .., is locally smaller
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than My . n,, at xo € 1. Then, there exists a neighborhood U C
I of xg such that for x € U and foralli € {1,...,d},

7 (Oym) (m(d)) = (0in), (m(d)).

If. in addition, (f,g),(h,k) € Ca(I), m € Co(I? x T), and
n € Co(19 x S), then the (d — 1) x (d — 1)-matrix whose (i, j)th
entry is given by
(®)

(OFn 8;n>y (x(()d))<1>h7k(mo) + (0;05n), (ZC(()d))

—(Ormozm) (a§") Dy g(x0) — (Bi0ym), (")

fori,j e {1,...,d— 1} is positive semidefinite.

On the other hand, if (f, ), (h, k) € Ca(I), m € Co(I? x T),
n € Co(I% x S), and (7) holds for all i € {1,...,d} and for all x
in a neighborhood of xo and the (d — 1) x (d — 1)-matrix whose
(i, j)th entry is given by (8) is positive definite, then My g ., is
locally smaller than My, y. ., at xo € 1.

In the special setting when 7' = [0, 1], d = 2, m is given by
m((z,y),t) == tx+(1—1t)y, the above corollary simplifies to the
result of [34, Theorem 5]. Now we consider the particular case
when the families of means m and n as well as the measures p
and v coincide.

COROLLARY. Let (f,g), (h,k) € Co(I), let m € Co(I¢ x T)
be a measurable family of means, and let | be a probability
measure on the measurable space (T, A). Let xo € I and as-
sume that there exists i € {1,...,d — 1} such that, the map

t— aim(zéd), t) is not p-almost everywhere constant on T. If
My g m;u is locally smaller than My, i, ., at xg € 1, then

9) Dyg(x0) < Ppi(zo)
On the other hand, if the functions
t s oz, 1) — (@), («$) e {l,...,d—1})
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are p-linearly independent and (9) holds with strict inequality,
then My g ., is locally smaller than My, g, ., at g € 1.

Now we consider the case when ¢ = v and m = n. In
what follows, we give a condition containing two independent
variables for the comparison problem which does not involve the
measure p and assumes first-order continuous differentiability of
the Chebyshev system. In the special setting when 7" = [0, 1],
d = 2, mis given by m((z,y),t) := tx + (1 —t)y, the following
theorem simplifies to the result of [34, Theorem 6].

THEOREM. Let (f,g), (h, k) € C1(I) be Chebyshev systems,
let T' be a compact and connected topological space and let m :

I% x T — R be a continuous family of d-variable means. Define
the set Uy, by

U i = {(u,0) | 3z € I 0,0 € [m(a), m(@))}
= | Im(e), m(@))*.
zcld
The following three assertions are equivalent:
(i) For all Borel probability measures 1 on T,
My,g,mip () < M iy () (@ €19,
(ii) There exists a nullsequence (7y;) of positive numbers in [0, 1]
such that, for all tg,t € T and forall j € N,
d
Mfugvm;(l_’Yj)dto'i"Yj(st (Z‘) < Mh,k,m;(l—'yj)(?to-kyjét ($) (l' el )
(iii) For all (u,v) € Uy,
Dyy(w,0) _ Disluv)
81@f7g(7}, U) - Gth,k(v, ’U)
In the next result we offer 6 equivalent conditions for the
comparison of d-variable generalized quasi-arithmetic means.

The interesting feature of this result is the equivalence of the
global and local comparability.
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THEOREM. Let f,h : I — R be twice continuously dif-
ferentiable functions with non-vanishing first derivatives, and let
m € Co(I¢ x T) be a measurable family of d-variable means.
Let pgy be a probability measure such that, for all xo € I, there
exists i € {1,...,d — 1} such that t — O0;m(zo,t) is not po-
almost everywhere constant on I'. The following assertions are
equivalent:

(i) For all Borel probability measures p on T,
Mg mp(®@) < Mpgmp(®)  (z eI,
(ii)
valvm;ﬂo (x) S Mh,l,m;uo (x) (.’IJ 6 Id)
(iii) For all zoy € 1, there exists a neighborhood U C I of xg
such that
M1 mipo (x) < Mp 1m0 (z) (z € Ud).
(iv) Forall x € 1,
f//(x) < hl/(x
o) = W)
(v) The function h o f~1 is convex (concave) on f(I) provided

that f is increasing (decreasing).
(vi) For all (u,v) € I?,

f(u) = f(v) _ h(u) = h(v)
f'(v) h!(v)
As an immediate consequence, we obtain the characterization
of the comparison among generalized Holder means.

~—

<

COROLLARY. Let I C R, p,q € R, and letm € Co(1¢xT)
be a measurable family of d-variable means. Let jg be a prob-
ability measure such that, for all xo € I, there exists i €
{1,...,d — 1} such that t — 0;m(xo,1) is not py-almost every-
where constant on T. The following assertions are equivalent:
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(i) For all Borel probability measures j on T,
Hpvm;ﬂ(x) < Hq,m;u(x) (-’17 € Id)
(ii)
Hp,m;,u,o (.’L’) < Hq,m;p,o (-T) (.’17 S Id)

(iii) For all xq € 1, there exists a neighborhood U C I of xg
such that

Hp,m;uo (.’17) < Hq,m;ug (.’17) ((II S Ud)

(iv) p<gq.

Equality and homogeneity of generalized Bajraktarevi¢
means

In Chapter 3, we study the equality and the homogeneity
problems of these means, i.e., to find conditions for the gener-
ating functions (f, g) and (h, k), for the family of means m, and
for the measure p such that the functional equation

vag:m;u(x) - Mh,k,m;,u(x) (.’L‘ € Id)
and the homogeneity property
M, gmiu(AE) = AMf,g i () A>0,z,)\x € Id),

respectively, be satisfied. Our main results generalize that of the
paper by Losonczi and Pales [35], Losonczi [33] and also many
former results obtained in various particular cases of this prob-
lem, cf. [1], [7], [8], [10], [24], [26], [27], [28], [29], [30], [31],
[32], [37], [46].

The following theorem characterize the equality of general-
ized Bajraktarevi¢ means under 3 times differentiability assump-
tions.

THEOREM. Let (f,g), (h,k) € C3(I), letm € C3(I?xT) be
a measurable family of means, and let 1. be a probability measure
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on the measurable space (T', A). Assume that, there exists a dense
subset D C I such that, for all x € D,
(10)

u({teT[om(a,0) = = dim(al,t) = 0}) <1,
and there exist i, j,l € {1,...,d} such that

(0fm d5m 8l*m>u (x(d)) # 0.

Then the following assertions are equivalent:

(i) Forallx € I¢,
an My, g,mip(®) = M e, mipa ()

(ii) There exists an open set U C I? containing the subdiagonal
{D | & € DY such that, for all x € U, the equality (11)
holds.

(iii) The two identities

Cpg=Pnr and  Vjg=Thk
hold.

(iv) The pairs (f, g) and (h, k) are equivalent.

In the next corollary, we consider the particular case of the
previous theorem when the measurable family m is given in the
form

(12) m(z,t) = ()1 + -+ pa(t)zg (@I t€T).

COROLLARY. Let (f,qg),(h,k) € C3(I), let u be a proba-
bility measure on the measurable space (T, A), let ©1,...,pq :
T — [0, 1] be p-measurable functions with p1+- - -+¢pq = 1 and
define the measurable family m : I¢ x T — R by (12). Assume
that

13 u({teT @M == i) =0}) <1,
and there exist i,j,l € {1,...,d} such that
(@i v)el), #0.
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Then the following assertions are equivalent:

(i) Forallx € I¢ the equality (11) holds.
(ii) There exists a dense subset D C I and an open set U C I d

containing the subdiagonal {x\? | x € D} such that, for
allx € U, the equality (11) holds.
(iii) The pairs (f,g) and (h, k) are equivalent.

The next corollary concerns the case when 7' = [0, 1] and p
is a probability measure on the sigma algebra of Borel subsets of
[0, 1]. In this setting, define fi; to be the first moment and pi,, to
be the nth centralized moment of the measure p by

fy = /[O RETCRE /[071](t—ﬂ1)”du(t) (neN).

COROLLARY. Let (f,qg),(h,k) € Cs(I) such that g and k
do not vanish on 1. Let i1 be a probability measure on the sigma
algebra of Borel subsets of [0, 1] with o # 0 and ps # 0. Then
the following assertions are equivalent:

(i) Forall (z,y) € I? the equality
( > Jouy [t + (1 = t)y) dp(t)
a) \J, Hg(m (1= 1)y)) duu(t)
B < > Jo h(tz + (1 —t)y) du(t)
k Joy k(e + (1= t)y)) du(t)
holds.
(ii) There exists a dense subset D C I and an open set U C I?
containing the subdiagonal {(x,z) | x € D} such that, for

all (x,y) € U, the equality (14) holds.
(iii) The pairs (f,g) and (h, k) are equivalent.

(14)

The next corollary concerns the equality of nonsymmetric
weighted two-variable Bajraktarevi¢ means.
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COROLLARY. Let (f,qg),(h,k) € Cs(I) such that g and k
do not vanish on I. Let s €)0,3[U]5,1[. Then the following
assertions are equivalent:

(i) Forall (z,y) € I? the equality
(f) ! (sf(w) +(1- s)f(y)>
g sg(x) + (1 —s)g(y)
(RN [sh(z) + (1 - s)h(y)
B (’f) (Sk(fﬂ) + (1= S)k(y))
holds.
(ii) There exists a dense subset D C I and an open set U C I?
containing the subdiagonal {(x,x) | x € D} such that, for

all (x,y) € U, the above equality holds.
(iii) The pairs (f,g) and (h, k) are equivalent.

In the following results, we are going to characterize the
equality of generalized quasi-arithmetic means in various set-
tings.

THEOREM. Let f,g : I — R be twice continuously differ-
entiable functions such that ' and ¢’ do not vanish on I. Let
m € Co(I¢ x T) be a measurable family of means, and let i be
a probability measure on the measurable space (T, A). Assume
that, there exists a dense subset D C I such that, for all x € D,
condition (10) holds. Then the following assertions are equiva-
lent:

(i) Forallz € I,

i ( | #mia.1) dum) _g ( | atmta.1) du@)) .

(ii) There exists an open set U C I? containing the subdiagonal
{29 | 2 € D} such that, for all x € U, the above equality
holds.

(iii) The functions f"/f" and g" /g’ are identical on I.

(iv) There exist real constants a, b such that g = af + b.
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COROLLARY. Let f,g : I — R be twice continuously dif-
ferentiable functions such that ' and ¢’ do not vanish on I,
let 11 be a probability measure on the measurable space (T, A),
let o1,...,0q4 : T — [0,1] be p-measurable functions with
w1+ -+ ©q = 1 such that condition (13) holds. Then the
following assertions are equivalent:

(i) Forall (zy,...,2q) € I¢,
! (/T fler(@®)zr + -+ pa(t)za)) dﬂ(ﬂ)
=g! </Tg(901 (t)x1 + - + @a(t)zq) du(ﬂ) :

(ii) There exists an open set U C I containing the subdiagonal
{z@D | & € DY such that, for all (x1,...,24) € U, the
above equality holds.

(iii) There exist real constants a,b such that g = af + b.

The following consequence of the previous corollary has
been dealt with in the paper [37, Theorem 7]. There f and g
are assumed only to be continuous, however, the equivalence to
condition (ii) is missing.

COROLLARY. Let f,g: I — R be twice continuously differ-
entiable functions such that f' and g’ do not vanish on I. Let pu
be a probability measure on the sigma algebra of Borel subsets of
[0, 1] with pa # 0. Then the following assertions are equivalent:

(i) Forall (z,y) € I?, the equality
! (/Tf(tx +(1-t)y) du@))
—ot ([t (1= 0w) uto)

holds.
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(ii) There exists a dense subset D C I and an open set U C I?
containing the subdiagonal {(x,z) | * € D} such that, for
all (z,y) € U, the above equality holds.

(iii) There exist real constants a,b such that g = af + b.

The next statement is related to the equality problem of
weighted two-variable quasi-arithmetic means. We note that the
equivalence of conditions (i) and (iii) can be obtained under the
assumption of continuity of the generating functions f and g. For
further and important particular cases of the previous corollary,
we refer to the examples elaborated in the paper [37].

COROLLARY. Let f,g : I — R be twice continuously dif-
ferentiable functions such that ' and g’ do not vanish on I. Let
s €]0, 1[. Then the following assertions are equivalent:

(i) Forall (z,y) € I? the equality

S sf @)+ (1 =9)f(y) =g "(sg(x) + (1 —s)g(y))

holds.

(ii) There exists a dense subset D C I and an open set U C I?
containing the subdiagonal {(x,z) | © € D} such that, for
all (z,y) € U, the above equality holds.

(iii) There exist real constants a,b such that g = af + b.

In the second part of Chapter 3, we characterize the ho-
mogeneity of generalized Bajraktarevi¢ and generalized quasi-
arithmetic means under 3 times and 2 times differentiability as-
sumptions, respectively.

A d-variable mean M : I? — R is called homogeneous if,
forall A € I/I and for all z € I¢,

M(Xx) = AM (z).
THEOREM. Let (f,g) € C3(I), let m € C3(I? x T) be a

homogeneous measurable family of means, and let 1 be a proba-
bility measure on the measurable space (T, A). Assume that there



19

exists a point g € I such that
15)
p({teTom(al",t) = = dim(af”,t) = 0}) <1,

and there exist i,j,l € {1,...,d} such that
* * * (d)
(0 mo;m o m>u(x0 ) #0.
Then the following assertions are equivalent:
(i) My g m;u is homogeneous.
(ii) Forall \ € I/I and for all x € I¢,
My.gmip(®) = My, g\ mip ().

(iii) Forall X € I/1, the pairs (f,g) and (fx, gx) are equivalent
on the interval 1.
(iv) Forall \ € I/ and for all x € I,

®fzg(x) = @f)\zg)\ (x) and \ijvg('r) = \ij)ng)\ (x)

(v) There exist two real numbers o, 3 such that y = f and
y = g are solutions of the second-order linear differential
equation

V@) = 2@+ Dy @en.

(vi) There exists a pair (p,q) € {(z,w) € C?| z + w, zw € R}
such that My g ., is equal to the d-variable generalized
Gini mean G g m: -

THEOREM. Let f : I — R be a twice continuously differ-
entiable function such that f' does not vanish on I. Let m €
Co(I% x T') be a homogeneous measurable family of means, and
let u be a probability measure on the measurable space (T, A).
Assume that condition (15) holds. Then the following assertions
are equivalent:

(i) My 1 m;y is homogeneous.
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(ii) Forall \ € 1/I and for all x € I¢,
Mlevmvﬂ(x) - Mszl’m#"(w)'

(iii) For all X € I/1, there exist real constants ay,by such that
fa(x) = axf(x) + by holds for all x € T,

(iv) Forall X\ € 1/I, the functions "/ f' and fY ] f\ are identi-
cal on I,.

(v) There exists a real number o such that y = f is a solution
of the second-order linear differential equation

V(@) ="y@) (wel).

(vi) There exists a real number p such that My 1 p,.,, is equal to
the d-variable generalized Holder mean H, ...

Invariance equation

Given three strict means M, N, K : Ri — R, we say that
the triple (M, N, K) satisfies the invariance equation if

K(M(z,y),N(z,y)) = K(z,y)  (2v,y € Ry)

holds. If this equation is valid, then we say that K is invariant
with respect to the mean-type mapping (M, N). The easiest ex-
ample when the invariance equation is satisfied is the well-known
identity

_Jrt+y  2xy
Ve = 2 x+y

The last identity means that
G((L’,y) :G(A(.Z'7y),H($,y)) ($,y€R+),

where A, GG, and H are the two-variable arithmetic, geometric,
and harmonic means, respectively.

In Chapter 4, we investigate the invariance of the arithmetic
mean with respect to two weighted Bajraktarevi¢ means, i.e., to

(xay € RJr)
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solve the functional equation

(16) )
() (o) + () (Ratn) ==+

where f, g, h,k : I — R are unknown continuous functions such
that g, k are nowhere zero on I, the ratio functions f/g, h/k are
strictly monotone on I, and ¢, s € R are constants different from
each other. By the main result of this chapter, the solutions of the
above invariance equation can be expressed either in terms of hy-
perbolic functions or in terms of trigonometric functions and an
additional weight function. For the necessity part of this result,
we will assume that f,g,h,k : I — R are four times continu-
ously differentiable.

The invariance equation in more general classes of means
has been studied by several authors in a large number of papers.
The invariance equation of Holder mean solved completely by
Daréczy and Péles [14]. The more general invariance equation
for quasi-arithmetic means was first solved under infinitely many
times differentiability by Sutd [52], [53] and later by Matkowski
[38] under twice continuous differentiability. Without impos-
ing unnecessary regularity conditions, this problem was finally
solved by Dar6czy and Pales [14].

Burai [9] and Jarczyk-Matkowski [18] studied the invariance
equation involving three weighted arithmetic means. Jarczyk [17]
solved this problem without additional regularity assumptions.
The invariance of the arithmetic mean with respect to Lagrangian
mean has been investigated by Matkowski (cf. [40]). The invari-
ance of the arithmetic, geometric, and harmonic means has been
studied by Matkowski [39].

Bajak and Pales [3] describes the invariance of the arithmetic
mean with respect to generalized quasi-arithmetic means. Re-
cently, Bajdk and Péles [2], [4] have solved the invariance equa-
tions of two-variable Gini and Stolarsky means, respectively.
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Now we are in the position to formulate the main result of
this chapter.

THEOREM. Letp € R, let ¢ : I — R be a positive contin-
uous function and let (f,g), (h, k) € Co(I) such that
A7)
(f,9) ~ (Sp/p, Cp/p) and (hyk) ~ (Sp -, Cp - ).

Then, for all s,t € R, the invariance equation (16) holds.

Conversely, let (f,g),(h,k) € Cs(I) and t,s € Ry with
t # s such that the functional equation (16) be valid. Then there
exist a positive 4 times continuously differentiable function ¢ :
I — Ry and a real parameter p € R such that the equivalences
(17) are satisfied.

As a consequence of the previous theorem, Gtazowska
Dorota in the 56th International Symposium on Functional
Equations presented the invariance of the two-variable quasi-
arithmetic mean with respect to two weighted Bajraktarevié
means, i.e., to solve the functional equation
(18)

Ay o (Byg((2,9), (t:9)), Brr((z,9), (5,1))) = Ap(,y),

where, x,y € I, or equivalently,

U(Byrg((2,y), (t.5))) + ¥ (Buk((2,). (5.1)) =(z) + ¥(y).

COROLLARY. Letp € R, let ¢ : I — R be a positive con-
tinuous function, let ) : I — R be a continuous strictly monotone

function, and let (f, g), (h, k) € Co(I) such that

(fv g) ~ ((SP/SO) o, (CP/QP) © ¢)>

(h, k) ~ ((Sp p) o, (Cp ) qub)'

Then, for all s,t € R, the invariance equation (18) holds.
Conversely, let ) : I — R be a 4 times continuously differen-

tiable function, let (f, g), (h,k) € C4(I) andt,s € Ry witht # s
such that the functional equation (18) be valid. Then there exist a

19)
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positive 4 times continuously differentiable function p : I — R
and a real parameter p € R such that the equivalences (19) are
satisfied.
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