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Hierarchies of equations for the Legendre transforms of energy functionals
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Hierarchies of equations have been derived for the Legendre transform of the energy functionals of
the density-functional theory. As an application, the Thomas-Fermi and the Thomas-Fermi-Dirac mod-
els are recovered and the Pauli energy is discussed. Useful relations for the electron density in the
weighted-density and gradient approximations are derived.
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I. INTRODUCTION

The development and improvement of approximations
to energy functionals have been major subjects of
research in density-functional theory [1]. Nevertheless,
the exact form of the kinetic, the exchange, and the
correlation energy functionals is still unknown. For de-
velopment of approximations, exact relations and criteria
that are fulfilled by the exact functionals are of great
help. Recently, Levy [2] showed that coordinate scaling
is a powerful tool in constructing new approximate func-
tionals. In a previous paper, exact hierarchies of equa-
tions [3] have been derived for the density-functional
theory. Here, hierarchies of equations are presented for
the Legendre transforms of the energy functionals. These
hierarchies of equations for the energy functionals are
also criteria to be fulfilled by the functionals. These equa-
tions can be applied to construct new functionals.

The main results of this paper are as follows: the first,
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and higher-order equations of the kinetic-energy func-
tional; the first,
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and higher-order equations of the hierarchy for the
Legendre transform of the exchange energy functional.
n, v, and T are the electron density, the exchange poten-
tial, and the kinetic energy, respectively. Moreover,
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the second,

and higher-order equations of the hierarchy for the
Legendre transform of the total energy; the first,

where v, vKs, and p are the external potential, the Kohn-
Sham potential, and the chemical potential, respectively.

The hierarchies of equations can be used to check the
quality of approximate functionals. One can use first the
zeroth equations of the hierarchies, such as Eq. (39) or
Eq. (44) and Eq. (59) or Eq. (62). If one inserts the ap-
proximating expressions into both sides of the zeroth
equation, the values of two integrals, i.e., two numbers,
can be compared and used for the checking. However, if
the first equations of the hierarchies are applied as cri-
teria for the approximating functionals, such as Eqs. (1),
(3), or (5), the comparison of the two sides of these equa-
tions compares two functions of r instead of two num-
bers. So the first equations of the hierarchy give more in-
formation. In addition, higher-order equations of the
hierarchies provide even more information. Certainly, to

1050-2947/95/52(2)/984(8)/$06. 00 984 1995 The American Physical Society



52 HIERARCHIES OF EQUATIONS FOR THE LEGENDRE. . . 985

apply these equations, higher-order functional derivatives
of the functionals are needed.

In a previous paper [3],hierarchies of equations for the
energy functionals were presented. Here, hierarchies of
equations for the Legendre transforms of energy func-
tionals have been derived. These hierarchies are closely
related, though there are considerable differences.
Whereas in [3], the energy functionals were functionals of
the electron density, here the Legendre transforms of en-
ergy functionals as functionals of potentials are present-
ed. The electron density appears as a functional deriva-
tive of Legendre transforms, and the first-order equations
of the hierarchies provide equations for the electron den-
sity. Whereas in [3], in the hierarchy equations, the
hardness kernel [4] had a very important role, in these
new equations the softness kernel [5] is the fundamental
quantity. These newly derived hierarchies provide expli-
cit equations for the electron density and its functional
derivatives. These comparisons may reveal interesting
connections between quantities of physical interest. They
present alternative ways of deriving new approximate re-
lations. There may be problems where it is more natural
or convenient to apply these equations. For example, as is
shown in Sec. VIII, the Legendre transform of the kinetic
energy is especially suitable for studying the Pauli energy.

The Legendre transform of the exchange energy is
studied in the weighted-density and gradient approxima-
tions. The first equation of the hierarchy gives a useful
differential equation for the electron density. This equa-
tion can be used in constructing or improving approxi-
mating functionals.
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with the definition of the local hardness:

g(r)= —f q(r, r')n(r')dr' .
N

(18)

Integrating Eq. (17) over r, we find that the local hard-
ness and softness are inverses in the sense that

sr gr r=1,
where the local softness is

(19)

that is, the hardness kernel g is the inverse of the softness
kernel.

Multiplying Eq. (16) by n (r") and integrating over r",
we get

II. SOFTNESS KERNEL
AND THE LOCAL SOFTNESS

s (r ) =fdr's(r, r'; u) . (20)

The ground-state energy of a system with N interacting
electrons in an external field v (r ) is

From Eq. (17) it follows that the relation between the
partial derivative 8/Bp~„and the functional derivative
5/5u ( r ) ~ „ is

E[n]=f dr n(r)v(r)+F[n],

where
5
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The second functional derivate of 0 can be given by the
so-called softness kernel s ( r, r '; u ) [5]

T and V„are the kinetic and the electron-electron energy
functionals of the electron density n. Let us consider 0
defined as the functional Legendre transform of F[n]:

Q[u]=F[n]+ f dr n(r)u(r) . (11)

The functional derivative of 0 with respect to u yields
the density

Applying this operation to the density n and the func-
tional 0, we get

Bn(r) f~g 5n(r) f~g (
—+ ~g)

imp u 5u(r') n

(22)

(23)

Another application of Eq. (21) to Eq. (23) gives the glo-
bal softness S
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and the third functional derivative is

(13)

BQ dr dr's(r, r')= — = —S = ——(24)
B%

Bp u Bp 'g

or the inverse of global hardness g.
The functional derivative of the chemical potential can
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also be considered. As The functional di8'erentiation of Eq. (35) with respect
to u (r") gives

6Q =n (r )= 2—n (r) r—Vn (r)
5u(r)

we obtain
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and f (r) is the Fukui function. Equations (7) and (26)
lead to

or with Eq. (13),
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which is the first equation of the hierarchy. The function-
al derivation of Eq. (37) with respect to u provides the
second equation of the hierarchy:

5s(r, r, )+(r.V+r~.V&)s(r, r&)

gives the well-known relation between the local softness
s(r), the global softness S, and the Fukui function f (r )

[6,7]:
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III. HIERARCHY OF EQUATIONS
FOR THE LEGENDRE OF TRANSFORM
OF THE TOTAL ENERGY FUNCTIONAL

The starting point of the derivation of the hierarchy
equations is the virial relation of Levy and Perdew [8]:

F [n]+T[n]= —f dr n (r )r.V
-5F [n]

5n(r )
(31)

5F [n]
5n(r )

(32)

follows. Taking the gradient of the equation we arrive at

From the Hohenberg-Kohn theorem, the Euler-Lagrange
equation

IV. HIERARCHY OF EQUATIONS
FOR THE LEGENDRE TRANSFORM

OF THE KINETIC ENERGY FUNCTIONAL

The first hierarchy of equations for the noninteracting
kinetic energy was derived by Kugler [10]. The nonin-
teracting kinetic energy can be written as a virial relation:

T, [n]= ,' f dr n (r—)r VU&s, (39)

where v Ks is the Kohn-Sham potential. The Euler-
Lagrange equation can also be written as

Further derivation will lead to the higher-order equations
of the hierarchy. In passing we remark that Parr and
Ga,zquez [9] called the negative of 0 the hardness func-
tional. However, the hardness functional is a functional
of the density, whereas 0 is a functional of u.

V' — =V[@ U(r)]= —Vu(r—) .
-5F [n]
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(33) 5T, [n]
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Using Eqs. (11) and (33), the Levy-Perdew relation has
the form

Q[u]+ T [n]—f dr n(r )u(r )=f dr n(r )r.V'u(r ),
(34)

or after partially integrating the right-hand side of this
equation,

Q[u]= 2f dr n(r)u—(r)
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where

(42)

Combining Eqs. (39) and (40) we get
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The functional Legendre transform of the noninteracting
kinetic energy T, is

—f dr u(r)r. Vn(r) —T[n] .
Q =VKs /L (43)
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Using Eqs. (40) —(43) we arrive at the zeroth equation of
the hierarchy of the kinetic energy:

Q, [u]=f dr n(r)u(r)+ —,
' f dr n(r)r V'u(r), (44)

or in another form

5Q,
Q, [u]=——fdr u(r)(1+r V)
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Functional differentiation with respect to u(r) of Eq.
(45} leads to the first equation of the hierarchy of the
noninteracting kinetic energy:

3n+r V'n = fdr, u(r, )(l+r, .Vi)s&(r, ri), (47)

where
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The exchange-correlation softness kernels are defined as
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(57}

The functional differentiation with respect to u„,(r ) of
Eq. (53) leads to the first equation of the hierarchy,
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while the second functional differentiation provides the
second equation of the hierarchy,
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is the noninteracting kinetic softness kernel. Functional-
ly differentiating Eq. (47), we obtain the second equation
of the hierarchy:

4s&(r, ri }+(r V+r, V, )s&(r, r, )

f dr2u(r2)(1+r2. V2)sg(r ri r2)

Higher-order equations can be similarly derived.

(49)

V. HIERARCHY OF EQUATIONS
FOR THE LKGENDRK TRANSFORM
OF THE EXCHANGE-CORRELATION

ENERGY FUNCTIONAL

The Levy-Perdew relation for the exchange-correlation
energy has the form [8]

5u„,(r )5u„,(r, )

6P„,
5v„,(r )5u„,(r, )5u„,(r, )

Higher-order equations can also be derived.

VL HIERARCHY OF EQUATIONS
FOR THE LEGENDRE TRANSFORM

OF THE EXCHANGE
ENERGY FUNCTIONAL

E„[n]=—f dr n(r)r Vv„(r), (59)

To derive the hierarchy equations for the exchange en-
ergy, we rewrite the Levy-Perdew relation [8] for the ex-
change energy,

E„,[n]+T, [n]= —f dr n(r)r. Vv„,(r),
where

(50)
with the Legendre transform of E,

5E„,[n]
u„,(r )=

5n(r )
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P„[v„]=E„[n]—f dr n (r )v (r ) .

The exchange potential u (r ) is given by
is the exchange-correlation potential. Let P [v„,] be
defined as the functional Leg endre transform of the
exchange-correlation energy E„,:

P[u„,]=E„,[n]—f dr n(r)u„, (r) . (52)

Using Eqs. (50) and (52) we obtain the zeroth order of the
hierarchy for the exchange-correlation energy:

P[u„,]=fdru„, (r)(2+r.V)n(r) —T, . (53)

From Eq. (52),

5P[v„,) = —n(r) .
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5n(r )

From Eqs. (59) and (60) the zeroth-order equation of
the hierarchy,

P [v ]=f dr v„(r )[2+r V']n (r), (62)

is obtained. The first and second functional derivatives of
Eq. (62) lead to the first,

3n +r Vn = f dr, u (r, )(2+r, .V', )s„(r,r, ), (63)

and the second equations of the hierarchy,
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Ss„(r,ri )+(r.V+r, .Vi)s (r, r, ) n =n (v„), (7&)

where

= f dr. u. (r2)[2+-r, V, ].„(.,-.„-.,), (64) the first equation, Eq. (63), of the hierarchy for the ex-
change energy has the form

and
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(65)
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Equation (76) leads to the equation
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are exchange softness kernels.

(66)
the solution of which is

v =C n'"
X X (78)

VII. THE THOMAS-FERMI AND THE
THOMAS-FERMI-DIRAC MODELS

5n(r ) dn

5u(r, ) du
(67)

Let us suppose that the density is simply a function of
u =vxs —p; i.e., n =n (u). The hierarchy equations for
the noninteracting kinetic energy will then lead to the
Thomas-Fermi [11]approximation. If we use the expres-
sion

the well-known Dirac [12], Slater [13], Gaspar [14], and
Kohn-Sham [15]expression for the exchange potential.

VIII. AN ILLUSTRATION:
THE PAULI POTENTIAL AND ENERGY

As an illustration, we study the zeroth equation of the
hierarchy for the Legendre transform of the noninteract-
ing kinetic energy. The noninteracting kinetic energy T,
can be written as a sum of the Weizsacker T and the
Pauli T energies,

the first equation of the hierarchy, Eq. (47), takes the
form

(68)

Ts Tm+ T

where

JVn/'
w 8 n

The functional derivative of T has the form

(79)

(80)

from which we obtain the equation

dQ 2 dn

g 3 n

The solution is

u=cn i

(69)

(70)

and

5~m 1 Vn 1 Vn
5n 8 n 4 n

Tp

5n

(81)

3 CTFn +V =p,2/3

where

Ci.F= —,', (3m. )
~ (72)

Comparing it with the Euler equation of the Thomas-
Fermi model

is the Pauli potential. The Pauli energy and potential are
the focus of research in the density-functional theory.
The name derives from the fact that the appearance of
the Pauli potential and energy is closely related to the
Pauli principle. In an early study of the Weizsacker func-
tional, March and Murray [16] approximated the Pauli
potential as

Z n(r)V= ——+, dr'
r fr —r'/

(73) v =-'C n'".
p 3 TF (83)

and

Q=V P (74)

we see that this approximation is equivalent to the
Thomas-Fermi model.

Similarly, with the assumption that the density is a
function of the exchange potential

Q, =Q +Q,
where

(84)

Since then, several studies have been published on this
subject (see, e.g. , [16—26]).

The Legendre transform of the noninteracting kinetic
energy can also be separated into two terms,
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Q„=T —f dr n(r) (85)
TABLE I. "Homogeneity parameter" for the Pauli energy in

neutral atoms.

5T
Q =T —f dr n(r) (86)

5TT= mr (87)

and

So

„=0.

6T
Q, =

Q~
= Tz

—f dr n ( r )

(88)

(89)

From the expressions of T and 5T /5n one can check
that

4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

9.39
6.19
4.56
3.71
3.22
2.88
2.63
2.67
2.61
2.58
2.53
2.48
2.44
2.40
2.33

As the Legendre transform of the Weizsacker term
disappears, the quantity Q, has contributions only from
the Pauli energy. Thus it is especially useful for studying
the Pauli energy. From Eq. (87) we see that the
Weizsacker energy is a homogeneous functional of degree
1 in n By d. efinition [1], a functional R [n] is a homo-
geneous functional of degree k in n if

kR [n] = f dr n(r )
5R [n

(90)

(91)

Thus S is a homogeneous functional of degree k/(1 —k)
in 5R/5n We ma.y ask whether the Pauli energy T and
its Legendre transform Qz are also homogeneous func-
tionals, i.e., whether the following relations hold:

kT= rnrv r (92)

or

For the Legendre transform S of the homogeneous
functional R,

S=R — rn r = 1 —kR= rn r
R 1 —k 5R

6n k 6n

IX. WEIGHTED-DENSITY AND GRADIENT
APPROXIMATIONS

As another illustration, the Legendre transform of the
exchange energy is discussed in the weighted-density and
gradient approximations. In the weighted-density ap-
proximation (WDA), P [u ] is expressed as

PwD"[u ]=fdrg(r, v (r)); (95)

i.e., there is an explicit dependence of g on the position
variable r in addition to the dependence n ( r ). The deriva-
tion of P gives the electron density

the factor k is di6'erent for the di8'erent atoms. We men-
tion in passing that the Thomas-Fermi —like approxima-
tion to the Pauli energy proposed by March and Murray
[16] is a homogeneous functional with k =—,'. [Compare
Eqs. (82), (83), and (92).] An interesting question is
whether limz k =

—,'. We emphasize that in the calcula-
tion of k the exact Pauli potential was used without any
locality assumption. Recently Zhao, Morrison, and Parr
[27] have made a similar study for the exchange.

Q~=(1 k)T&= f—dr n(r)v (r) .
1 —k

(93) n=- Bg
Bu

(96)

In order to check the validity of Eqs. (92) and (93), a
knowledge of the Pauli potential v is needed. In a recent
paper [23] I proposed a method for the calculation of the
exact Pauli potential in the exchange-only density func-
tional theory. Using the results of this method, the Pauli
potential and the integrals in Eqs. (92) and (93) have been
calculated for a number of atoms. The calculated "homo-
geneity factor"

The first equation of the hierarchy, Eq. (63), takes the
form

2
g3n+r Vn = —[r Vu +u„]

Bv r

Combining Eqs. (96) and (97), we obtain an equation for
the electron density:

(94)

is presented in Table I. These results obviously show that
the Pauli energy is not a homogeneous functional because

Bn
3n +r Vn =v

Bv

In spherically symmetric systems it has the form

(98)
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3n +r Bn

dr
Bn

=U~
BU

(99)
following expression:

P D u (~r)r
—(2+ 1/k)dr

x k
' (104)

n [v„]=n (u„,Vu ) .

The first equation of the hierarchy, Eq. (63), leads to

(100)

Bn ~Ux Bn
3n =u +2+ (10

BU~ . BX) BU~

Bx.

If n depends only on u (r) and ~Vu (r)~, Eq. (101) reads

3n =u„" +2~Vv
~

8 Vu
(102)

In the weighted-density approximation, Eq. (99) should
hold. This equation can be helpful in constructing the ex-
plicit form of weighted-density approximations.

In the gradient approximation, the electron density can
be written in the form

where Dk are constants. The validity of Eq. (104) follows
from Eqs. (63), (64), and the higher-order equations for
the functional P„. Then approximate functionals for Q,
and P„are exact solutions of the hierarchy equations.

In the weighted-density and gradient approximations,
Eqs. (95) and (100) were assumed and equations for the
density were derived from the first equation of the hierar-
chy. These relations must be satisfied by the approximate
functionals of Eqs. (95) and (100), so they can be helpful
in constructing new approximate functionals.

In all examples an additional assumption was done.
This assumption includes the approximation. To judge
the quality of the approximation, the hierarchy can no
longer be used; the validity of the assumption has to be
studied by other methods.

This expression is valid for any approximation for the
density of the type in Eq. (100). It can be used to con-
struct a new form of gradient approximation for the den-
sity.

Both expressions (99) and (102) provide the density as a
function of the exchange potential and r or

~
Vv„~. In the

usual weighted-density and gradient approximations,
however, the exchange potential is expressed with the
density. This difFerence is not necessarily a shortcoming
of this approach. It might be that it is easier to approxi-
mate the density than the exchange potential.

XI. DISCUSSION

by@, , integrating, and summing for all the spin orbitals

y;, we obtain

T + n r UKs r r=E (106)

where

The physical meaning of the functionals Q, and P can
be easily seen. By multiplying the Kohn-Sham equations

(105)

X. APPROXIMATE FUNCTIONAI. S
AND THE TRUNCATION OF HIERARCHIES

The hierarchies of equations are exact. They hold for
the exact functionals. Approximate forms of the func-
tionals generally do not, or only approximately, satisfy
these equations —but not always. Approximate function-
als can exactly satisfy the hierarchy equations. For in-
stance, in Sec. VII the Thomas-Fermi and the Thomas-
Fermi-Dirac models are derived from the hierarchy equa-
tions for the noninteracting kinetic and exchange ener-
gies. The derivation is based on the locality assumption.
If the functionals are local, the Thomas-Fermi-Dirac
functionals are exact solutions. Furthermore, these are
the only solutions; i.e., the hierarchy equations do not ex-
actly hold for other local approximations.

Another example is the truncation of the equations of
hierarchy. If we assume that the (k+1)th and higher
functional derivative of the functional Q, is zero; i.e., that
the hierarchy is truncated to the kth order, the solution is

k

Q, =B„ I f u, (r)r "+'/k'dr- (103)

(107)

is the sum of the one-electron energies c.;. With Eqs. (80)
and (81), the Legendre transform of T, can be given by

Q, =E, Np . — (108)

P=E —E, +J, (110)

n (r, )n (r2)

r, —r3

is the Coulomb repulsion energy.
In the Thomas-Fermi and the Thomas-Fermi-Dirac

models, the physical meaning of Q, and P„can also be
easily seen. Writing the Euler-Lagrange equation

Similarly, the Legendre transform of E can be ob-
tained. Writing the total energy E as

E=T+J+ n r U r r+E„ (109)

and using Eqs. (52) and (106), we get

where Bk are constants. Equation (103) can be easily
verified by substituting into Eqs. (47), (48), and the
higher-order equations. Similarly, the truncation of the
hierarchy of equations for the functional P leads to the

3 CzF n +U =P

we obtain

g U P 3
C f„n

(112)

(113)



HIERARCHIES OF EQUATIONS FOR THE LEGENDRE. . . 991

and Eqs. (42), (83), and (84) lead to

Q = —~ C n 5~3dr = —2 Ts 3 TF 3 s

With the exchange energy

E =-'C n'"Wr
X 4 X

and the exchange potential, Eq. (78), we arrive at

P = ——'E
X 3 X

(114)

(116)

hierarchy for these functionals provides interesting equa-
tions for the electron density. These are generally com-
plicated integro-differential equations. However, in cer-
tain approximations they may be much simpler. For in-
stance, in the weighted-density and the gradient approxi-
mations, the first equations of the hierarchy reduce to
differential equations for the electron density. These
equations may help in the construction of new approxi-
mations.

The electron density n (r ) is the fundamental quantity
of the density-functional theory of many-body systems.
That is why equations for the electron density are of out-
standing importance. The hierarchy of equations for the
noninteracting kinetic energy and the exchange energy is
especially interesting because these equations are self-
contained; i.e., they contain only the electron density and
its functional derivatives. The first equation of the

ACKN0%'LEDGMENTS

This paper is based on work sponsored by the
Hungarian —U.S. Science and Technology Joint Fund in
cooperation with the National Science Foundation and
the Hungarian Academy of Sciences under Project No.
146/91. This work has also been supported by the OTKA
Grant No. 1733/191, and the Hungarian Ministry of
Education Grants No. 212/92 and No. 56/92.

[1]R. G. Parr and W. Yang, Density Function-al Theory of
Atoms and Molecu les (Oxford University Press, New
York, 1989)~

[2] M. Levy, Int. J. Quantum Chem. Suppl. 23, 617 (1989); in
Perspectives in Quantum Chemistry, edited by J. Jortner
and B. Pullman (Kluwer, Dordrecht, 1989); Phys. Rev. A
43, 4637 (1991); A. Gorling and M. Levy, ibid. 45, 1509
(1992).

[3] A. Nagy, Phys. Rev. A 47, 2715 (1993).
[4] M. Berkowitz, S. K. Ghosh, and R. G. Parr, J. Am. Chem.

Soc. j,07, 6811 (1983).
[5] M. Berkowitz and R. G. Parr, J. Chem. Phys. 88, 2553

(1988).
[6] R. G. Parr and W. Yang, J. Am. Chem. Soc. 106, 4049

(1984).
[7] W. Yang, R. G. Parr, and R. Pucci, J. Chem. Phys. 81,

2862 (1984).
[8] M. Levy and J. P. Perdew, Phys. Rev. A 32, 2010 (1985).
[9] R. G. Parr and J. L. Gazquez, J. Phys. Chem. 97, 3939

(1993).
[10]A. A. Kugler, Phys. Rev. A 41, 3489 (1990).
[11]L. H. Thomas, Proc. Cambridge Philos. Soc. 23, 542

(1927); E. Fermi, Z. Phys. 48, 73 (1928).
[12] P. A. M. Dirac, Proc. Cambridge Philos. Soc. 26, 376

(1930).
[13]J. C. Slater, Phys. Rev. 81, 385 (1951).
[14] R. Gaspar, Acta Phys. Acad. Sci. Hung. 3, 263 (1954).
[15]W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
[16]N. H. March and A. M. Murray, Proc. R. Soc. London,

Ser. A 256, 400 (1960).
[17]B. M. Deb and S. K. Ghosh, Int. J. Quantum Chem. 23, 1

(1983).
[18]N. H. March, Phys. Lett. 113A, 476 (1986).
[19]M. Levy and H. Ou-Yang, Phys. Rev. A 38, 625 (1988).
[20] R. F. Nalewajski and P. M. Kozlowski, Acta Phys. Pol.

A74, 287 (1988);A. Nalewajski, ibid. A77, 449 (1990).
[21] A. Nagy and N. H. March, Phys. Chem. Liq. 22, 129

(1990).
[22] A. Nagy and N. H. March, Int. J. Quantum Chem. 39, 615

(1991).
[23] A. Nagy, Acta Phys. Acad. Sci. Hung. 70, 33 (1991).
[24] A. Holas and N. H. March, Phys. Rev. A 44, 5521 (1991).
[25] A. Nagy and N. H. March, Phys. Chem. Liq. 25, 37

(1992).
[26] J. A. Flores and J. Keller, Phys. Rev. A 45, 6259 (1992).
[27] Q. Zhao, R. C. Morrison, and R. G. Parr, Phys. Rev. A

50, 2138 (1994).


