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The transverse momentum distribution of (anti)quarks created in the chromo-electric field of an infinitely long hadronic flux 
tube is derived. The effects of the finite radius of the hadronic strings on their fragmentation are studied simulating e+e- anni- 
hilation events in the framework of a dynamical string model that contains two parameters: the string tension x=0.89 GeV/fm 
(determined by the Regge slope), and the radius of the string. It is shown that a string radius of about 0.5 fm allows Io describe 
successfully both the width of the transverse momentum distribution in the low-px region and the multiplicities. 

I. Introduction 

String models  have been quite successful in de- 
scribing quark fragmentat ion into hadrons,  e.g. in 
e lec t ron-pos i t ron  annihi la t ion [1 -3 ] .  In the Lund 
fragmentat ion scheme, the string stretched between 
the leading quark and ant iquark fragments into 
smaller  pieces according to phenomenological  scal- 
ing functions. Creat ion of  a qq pair  in the chromoe- 
lectric field of  the hadronic  flux tube followed by a 
full screening of  the field between them is thought to 
be the underlying physical  picture of  the decay of  
hadronic  strings. Although the scaling functions gov- 
erning the decay have been introduced indepen- 
dently of  the flux tube model,  it has mot iva ted  the 
introduct ion of  some addi t ional  effects connected 
with the transverse momenta  of  the created qcl pairs: 
( i )  The qua rk -an t iqua rk  pair  created with compen-  
sating non-vanishing transverse momenta ,  has to bc 
produced on-shell with a certain q¢l separat ion [4] .  
The energy of  the chromoelectr ic  field between them 
must be sufficient to provide the transverse energy of  
the created q£1 pair. Hence, some t ime must elapse 
until the pair  created vir tual ly at a point  comes suf- 
ficiently far apart .  This effect has been taken into ac- 
count by introducing a weighting factor at each pair  
product ion vertex [ 2 ]. ( i i )  The transverse momen-  

turn dis t r ibut ion of  the fragments has been chosen 
according to that of  the qdl pairs created in an infi- 
nitely extended homogeneous field [ 2 ]. Such a trans- 
verse momen tum dis t r ibut ion of  the quarks corre- 
sponds to the qdl pair  product ion rate calculated 
according to Schwinger 's formula [ 5 ]. Replacing the 
product  of  the electric charge with the field strength, 
ed  by the string tension x one can apply this formula 
to the es t imat ion of  the decay constant  of  an excited 
hadron in the framework of  the flux tube model  [6].  
The transverse momen tum dis t r ibut ion of  the cre- 
ated ( an t i )qua rks  is then obta ined from the under-  
lying tunneling probabi l i ty  of  a qdl pair  with given 
transverse momentum.  

It is, however, clear that the chromoelectr ic  field of  
the excited hadron does not extend to the whole space 
[ 7 ]. It is rather confined into a region o f  finite trans- 
verse size of  the order  of  1 fm. Therefore,  in the pres- 
ent paper,  we will take the decay propert ies  of  had- 
ronic strings as they are predicted by the flux tube 
model  when the finite radius of  the tube is accounted 
for, but the tube is infinitely long. Recently we have 
derived the pair  creation probabil i ty per unit t ime and 
volume in a constant  electric field restricted to an in- 
finitely long cyl inder  [ 8 ]. Now we derive the trans- 
verse momen tum dis t r ibut ion of  the ( an t i )qua rks  
created in such a cylinder making use of  the asymp-  
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totic behaviour o f  the wave function obtained in ref. 
[8].  Then we apply the results to excited hadrons. 
They arc considered as (3 + 1 )-dimensional strings 
with respect to their motion in space, but having a 
non-vanishing transverse radius. We will discuss the 
effect of  the finite radius on the observables by sim- 
ulating two-jet like e +e-  annihilation events at low 
CM energy ( x/~ = 20 GeV ) where soft fragmentation 
is dominating. 

2. Transverse momentum distribution 

We start with the derivation of  the transverse mo- 
mentum distribution of  (ant i )quarks with zero rest 
mass created in a constant chromoelectric field ,g re- 
stricted to an infinitely long cylinder of  radius R. In 
ref. [ 8 ] it was found that the pair production proba- 
bility per unit time and unit volume is given as 
follows: 

~ =  ~ s , ~ ( R ) ,  (1) 

where 

~s = ( 2 4 n ) - '  (e6') 2 (2) 

is the pair production rate in an infinitely extended 
homogeneous electric field. 

, ~ ( R ) = -  (nu)  2 ~T. i j  
n =  I . = 0  

(3) 

is the correction factor due to the finite radius with 
u =  ~ R ~ ;  n plays the role of  a principal quan- 
tum number  and/t  is the magnetic quantum number. 
The x . .  are the roots of  the linear bag boundary con- 
dition given in ref. [ 7 ]: 

2 2 J , , ( x )=J ,+ , (x )  . (4) 

For very large times t--, + ~ ,  the solution of  the Dirac 
equation has the asymptotic form obtained in ref. [ 8 ]: 

~un~(t,p, O)~q . . (  +_ oo;p, O) exp( + i r2 /2)  

+ (1,,, ( + 0o; P, 0) exp ( -T- ir2/2 ) , ( 5 ) 

with r=~/eg( t+p3/ed:)~x / /~ t  where P3 is the lon- 
gitudinal momentum of  the quark. We suppressed the 
suffix P3 since the dependence on the longitudinal co- 
ordinate x3 becomes trivial in the infinite time limit. 
Furthermore, the functions q.. and (1.. contain a time 

dependent phase factor which we did not note explic- 
itly. As it was shown in ref. [8],  the function 
q,,~,( -0o; p, O) vanishes identically. According to eq. 
( 5 ), the functions q,,. ((1.u) can be interpreted as the 
wave functions of  the quark (antiquark) in the state 
(n/~). Thus the antiquark state at t--, - 0 o  evolves to 
a quark-ant iquark state at t - . + o o .  (The choice of  
the initial state is arbitrary. Only the change of  par- 
ticle numbers is relevant. Our choice is motivated by 
the relative simplicity of  the resulting expressions.) 
Then the transverse momentum distributions 1%, (P'r) 
and P..(PT) of  the created quark and antiquark, re- 
spectively, can be obtained as follows: 

Pn,,(PT) = 14..( + ~ ;  PT)1 2 , (6) 

and 

P. . (p+)  = I ~ . , , ( - ~ ;  p+)12- 14~.( + ~ ;  p~)12 , 
(7) 

in terms of  the Fourier transforms of  the quark 
and antiquark wave functions, ~ . . ( + o o ;  PT) and 

gnu( + ~ ;  Pr) ,  respectively. Introducing the integrals 

R 
, 4  

I . . . . ' (PT)  = J dpp 
0 

2rt 

× _I d~ exp ( ip' ¢ )Jr ( k . .p ) exp ( - ipTp cos ¢)  , 
0 

(8) 

with k . .  =x,, . /R, the Fourier transform of  the quark 
wave function can be written in the following form: 

I I 
I- (.-,-)I, c#""( +°c;pT)=+i~uk""~ .f.,.l...,,(p~) ] (9) 

\ -  ig..l,,u.~,+ i ( P r ) 1  

where 

f . .  =g . .Y .+ ,  (xo.)/L,(x.,,). 
g,,. =h. .  exp( - 3~z.:.o) , (10) 

with ;to =k~. /e~ and the z dependent phase factor 
h. . ,  i.e. I h . .  12 = 1. The Fourier transforms of  the an- 
tiquark wave functions have a very similar form. The 
coefficients f,,. and g. .  and the corresponding ones 
for the antiquark wave functions were obtained by 
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using the asymptotic form of the parabolic cylinder 
functions [ 9 ]. 

Inserting expression (9) into eq. (6) and making 
use of the boundary condition (4), we obtain 

tion of the antiquarks and established the equality, 
P . . ( P T ) = P ~ . ( P T ) ,  as it is expected due to momen- 
tum conservation. 

P , , . ( p T )  ~-2 2 =2,~' ,,uk.u[ I I . . .u(pT ) 12+ II,,u.u+ ](PT)[2] . 

( l l )  

The integrals (8) can be performed making use of  
the following integral formula [ l 0 ]; 

f d z z J u ( a z ) J u ( f l z )  

f lzJ  u ( a z  ) Ju -  l ( j~Z ) - -  a z J . _  l ( otz )J~, ( f lz)  
0~2 ~2 

(12) 

and of the integral representation of the Bessel func- 
tions. So we get 

l,u,u. = 2rtR 2i- ~ .&, ( x ,~ ,  pr  R ) , (13) 

with 

.¢~,( a ,  fl) = flJu( a )Ju-  ' ( f l )  - a J ~ ' -  ' ( a )Ju( f l )  
O~2--~ 2 

_ a - J ~ , + , ( ° l ) J u ( f l ) - f l J u ( a ) J u + , ( f l )  
--  O£2 f12 (14) 

Inserting eq. ( 13 ) into expression ( 11 ) we get for the 
transverse momentum distribution of a quark in the 
(n, /z)  quantum state the following expression: 

Pnu(PT) =2. v 2 k 2 (2nR 2) 2 
- . . . . . .  ( x ~ _ 1 3 2 ) ,  

× {[x.#~+, (x.DJ.(,e) -/3J~(x.~)J~+, (p) 12 

+ [ x . u J . ( x . u ) J u + ,  ( f l )  - f l J u + ,  ( x . u ) J u ( f l )  ]2}, 

(15) 

with f l = p x R  as before. The total transverse momen- 
tum distribution of created quarks is then given by 
the sum over all quantum states (na):  

P(PT) =2 ~ ~ P,,u(PT). (16) 
n= 1 /a=O 

The factor two before the sum accounts for states with 
_+/~. In a similar way we obtained the corresponding 
expressions for the transverse momentum distribu- 

3. Pair creation in a chromoeleetric flux tube 

Let us assume that the excited hadron, the decay of 
which we study, can be considered as a sufficiently 
long chromoelectric flux tube of radius R, such that 
the effects due to its finite length are negligible. In 
this case we can apply the results of ref. [8 ], and that 
of the last section to describe its decay. We use an 
abelian approximation inside the flux tube and re- 
place the electric charge by the effective chromoelec- 
tric charge ge according to g~ =-~ga=~TI~'OgQCD. T h e  
next step is to replace the field strength eg by the string 
tension x. In order to do this we use Gauss' law 

gc=F, nR 2 , (17) 

and the physical meaning of the string tension as the 
linear energy density along the tube: 

x ( r ) =  ( ~d 2 + B ) n r  2 

(~  g2 ) 
= ( n r 2 ) 2 + B  nr 2, (18) 

where B denotes the bag constant. As to the latter, we 
consider two cases: 

Case A. With the assumption that the string can 
always adjust its transverse size to its actual length, it 
equilibrates at a radius R for which x is smallest. Thus 
we obtain the relations 

g e S = x  R= ( 160~QCD "] 1/2 
' 3X / (19)  

Case B. Assuming that the vacuum pressure can be 
neglected with respect to the field energy, we obtain 
from eqs. (17) and (18) the relations 

(8 °cD  ''2 (20) g e d = 2 x ,  R =  \ ~ j  . 

Since the excited hadron is a system far from equilib- 
rium, it should represent a situation somewhere mid- 
way between cases A and B. For a realistic model 
OtQcO should be of the order of or perhaps somewhat 
larger than aQcD(Q2= 1 GeV 2) ~0.3. Thus for case 
A the radius should be >0.6 fm and for case B~0.4 
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fm. It will turn out that the fits to the Pr distr ibution 
and multiplicities favour exactly these values, i.e. 
correspond to acceptable values for O~QCD. According 
to eqs. ( 17 ) and ( 19 ) or (20),  we can calculate a~ 'D,  
& and ge for a given string tension x = 0 . 8 9  G e V / f m  

and radius R in both cases. 
The corrections to the pair creation rate due to the 

finite radius are given in table 1. With increasing field 
strength .~' (R) increases too. We see that in the range 

R~< 1 fm (except the c a s e g ~ = 2 x  and R =  1 fm) the 
only significant contr ibut ion comes from the crea- 
tion of pairs in the lowest lying excited state ( n =  I, 
/z=0) .  In this case the transverse m o m e n t u m  distri- 

but ion is independent  of the string tension x. Making 
use of the linear boundary condit ion on the surface 

of the cylinder [8] we can write the transverse mo- 
mentum distr ibution in the following form: 

10 0 

U 
> lo -~ 

~:£ 10 -2 
Q_ 

10-3 

. I I I I I 

L.'~'N 

" ~ - - ~ . ~ ,  .... 

% . .  "-,.. 

I l I I I" 
1 2 

pT 2 (GeV /c )  2 

Fig. 1. Transverse momentum distribution of (anti)quarks cre- 
ated in the chromoelectric flux tube of radius R=0.2 fm (thick 
solid line), 0.4 fm (thin solid line), 0.6 fm (thick dashed line), 
0.8 fm (thin dashed line), and 1.0 fm (dotted line). 

Table I 
Correction .~¢ (R) to the pair production rate due to the finite 
radius R of the flux tube. 

R (n/t) x. .  ,#(R) 
(fm) 

ged=x g,~;=2x 

0.4 (10) 1.4347 0.060 
(11) 2.6299 10 -6 

0.060 

0.6 (10) 1.4347 0.089 0.345 
(11) 2.6299 I0 -s 0.001 

0.089 0.346 

P(P, ) ~ Plo (Pr ) 

:~ { [ x,~,, + (pT R)2] [J~(p,R ) +J~ (pTR) ] 

- 4 x , o p T R J o ( p ~ R ) J ,  (pvR)} [ x ~ o -  (PTR) 2 ] -2 

(21) 

The transverse momen tum distr ibution of quarks is 
shown in fig. 1. One can see that the distr ibution gets 
rather forward peaked for increasing radius R in ac- 
cordance with the uncertainty principle. The trans- 
verse m o m e n t u m  distr ibutions in the Iow-pT region 
can be approximated by gaussian distributions,  
p(pT) ~exp(  2 , -P-r/2p-~o) with the width parameter  
/)TO ~ k=o = x m / R .  This does not mean, however, that 
the width of the transverse momen tum distr ibution 
of the quarks tends to zero in the limit R- ,oo since 
then an increasing number  of excited radial states 
contributes to the pair creation rate. 

0.8 

1.0 

(10) 1.4347 0.298 0.523 
(11) 2.6299 0.001 0.031 
(20) 3.1129 10 -4 0.007 

0.299 0.561 

(10) 1.4347 0.461 0.567 
(11) 2.6299 0.014 0.080 
(20) 3.1129 0.002 0.030 
(12) 3.7689 10 -4 0.005 

0.477 0.682 

4. Fragmentation of hadronic strings 

In the dynamical  string model presented in ref. 
[ 1 1 ] hadrons are considered as string-like extended 
objects which obey the equations of motion of infi- 
nitely thin ( 3 +  1 )-dimensional  strings [ 12,13], but 
exhibit a finite interaction range [7,14]. It is as- 
sumed that any infinitesimal string piece decays with 
the probability AdA where dA is the invariant  surface 
element which has been swept by the string piece and 
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A is the decay constant. Then the decay of the string 
is governed by an exponential decay law [ 15 ]. The 
decay constant is given by A = nr'#"TrR 2 where nf= 3 
is taken as the number of active flavours. For each 
string an invariant area Ao is chosen with the distri- 
bution exp ( -AAo) .  Having swept out this area Ao on 
the world sheet, the string starts to decay. A point with 
uniform distribution is chosen on the string segments 
whose increment in the invariant area is maximal in 
the next infinitesimal time step. A virtual qdl pair is 
thought to be created at this point with compensating 
transverse momenta +Pr  with directions distributed 
uniformly in the plane perpendicular to the decaying 
string piece in its rest frame. The virtual pair departs 
along the string with the speed of light. After the for- 

marion time Zf=PTIX has elapsed, i.e. when the en- 
ergy of the string piece between the virtual pair can 
cover its transverse energy, the pair appears on-mass- 
shell. The string piece is then taken away and the two 
daughter strings start their motion with transverse 
momenta at their "new" cndpoints. As the distance 
between the pair cannot be longer than the total length 
of the flux tube, the magnitudes of the transverse mo- 
menta of the created pair arc limited by some maxi- 
mal value p.~m,x~ depending on the motion of the 
endpoints of the string. 

For the simulation of the hadron production in 
e +e-  annihilation we assume that the quark and the 
antiquark created at a single point at the CM time 
t = 0  stretch out a one-dimensional string when de- 
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Fig. 2. Simulated (a )xF ,  (b)  rapidity, y, and (c) transverse momentum,  pr  distributions and (d) KNO scaling functions for hadrons 
produced in e+e - annihilation at 20 GeV CM energy for g~d'=x and for the string radius R =  1.0 fm (solid line), 0.8 fm (dashed line), 
and 0.6 fm (dotted line). Experimental data are taken from ref. [3] and denoted by dots for 22 GeV, full and empty quadrants for 34 
GeV and 30.6 GeV, respectively, crosses for 14 GeV, triangles for 7.4 GeV, and circles for 5 GeV CM energies. 
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Table 2 
Dependence of the average charged panicle multiplicity (n¢.) 
on the string radius R. 

g,6 '= x g, ff= 2x 

R (fro) (rich> R (fro) (n~,> 

0.6 11.1 0.4 12.0 
0.8 8.9 0.6 8.0 

part ing with the speed o f  light. In ref. [ 11 ] we ob- 
ta ined a good overall  agreement  with exper imenta l  
data  with exception of  the transverse m o m e n t u m  dis- 
t r ibut ion o f  the fragments,  al though the pair  produc-  
tion rate was not corrected for the finite size effect. 
The width of  the transverse m o m e n t u m  dis t r ibut ion  
of  the fragments was found to be too small in com- 
parison with the data. 

Now we take the finite size effects into account ac- 
cording to the results obtained in ref. [ 8 ] and the first 
part  of  the present  paper.  The string radius is consid- 
ered as a free parameter  having the same value for all 
strings irrespectively o f  their  rest mass. The depen- 
dence of  the observables on the value of  the string 
radius is studied. 

The fragments are characterized by their total four- 
momenta ,  ( ( , / r r ,  p-) ,  where PT and Pz are the trans- 
verse and longitudinal  momenta  with respect to the 
je t  axis in the CM frame. The dis t r ibut ions  of  the 
fragments in the Feynman variable Xr.=2pz/x/s, in 
rapidi ty  y =  ~ln[ (~+Pz)/(~-P:) ], and in the trans- 
verse m o m e n t u m  Pr have been de te rmined  by a sim- 
ulation o f  500 two-jet events at the invariant  energy 
x / ~ = 2 0  GeV. The t ime evolut ion was followed in 
steps of  A t=0 .02  fm/c until the strings became "sta-  
ble",  where the stabili ty threshold m,h ~ 1 GeV was 
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Fig. 3. The same as fig. 2, but for g~d= 2x and for R = 0 . 8  fm (dashed line), 0.6 fm (dolled line), and 0.4 fm (thin dotted line). 
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defined by the criterion that the average mass of  sta- 
ble hadrons is identical in the case of  a discrete and 
that of  a continuous mass spectrum [ l l ]. 

The dependence of  the simulated xv, rapidity, and 
transverse momentum distributions, and KNO scal- 
ing function on the string radius R is shown in figs. 
2a-2d and 3a-3d for cases A and B, respectively. The 
calculated distributions (with exception of  the KNO 
functions) are multiplied by a factor ~ in order to 
compare them with the corresponding data on 
charged particles. We see that the xv distribution be- 
comes steeper, and thc rapidity distribution gets nar- 
rower with decreasing radius whereas the transverse 
momentum distribution of  the fragments broadens. 
With decreasing string radius the mean transverse 
momentum increases and therefore less energy re- 
mains for the longitudinal motion. That explains the 
change of  the shape of  the XF and rapidity distribu- 
tions. The change of  the slope o f  the transverse mo- 
mentum distribution reflects the uncertainty princi- 
ple. The simulated KNO scaling function is not 
sensitive to the string radius and has a smaller width 
than the data. Radius values Re (0.6 fm, 0.8 fm) for 
case A and Re (0.4 fm, 0.6 fm) for case B seem to be 
appropriate to fit the distributions in figs. 2 and 3. 

In table 2 we present the average charged particle 
multiplicities (r/ch) = ~ ( n )  calculated from the av- 
erage fragment multiplicities < n ) .  Comparing them 
with the value ( n ~  p)  = 10.5 interpolated from ex- 
perimental data [ 16 ], we find that R ~ 0.6 fm for case 
A and R ~ 0.4 fm for case B are the preferred radius 
values. For these values the average formation time 
zf=PTo/K~XIo/IcR ranges from 0.4 fm/c to 0.8 fm/  
c. Since t = r f  is roughly the time in the CM system of  
the initial string when it breaks up, so in the best case 
( R = 0 . 4  fm in case B) its length is twice its diameter 
at that moment,  but never longer. This means that 
effects due to the finite length of  the string can lead 
to a significant correction to our results. 

5. Concluding remarks 

We have studied the influence o f  the finite radius 
of  the hadronic string on their fragmentation. The 
transverse extension has been added to the strings on 
the basis o f  flux tube model considerations, without 
taking into account its effect on the motion of  the 

string. The decay constant and the transverse mo- 
mentum distribution of  the created qcl pairs were cal- 
culated for a flux tube o f  finite radius but infinite 
length. The interaction of  the created quarks and an- 
tiquarks was neglected. It is found that only the first 
excited state with radial quantum numbers ( n =  l, 
/1--0) contributes to the pair creation in hadronic 
strings. 

The simulation o f  two-jet events in e+e - annihi- 
lation at 20 GeV CM energy has revealed the follow- 
ing features: 

(i) Depending on the strength of  the chromoelec- 
tric field in the excited hadron, a string radius be- 
tween 0.4 and 0.6 fm allows for a reasonable fit of  the 
XF, rapidity, and PT distribution of  the fragments as 
well as the mean charged particle multiplicity. The 
width of  the PT distribution is roughly given by the 
uncertainty principle. This suggests that it is reason- 
able to describe the longitudinal motion of  a had- 
ronic string classically and its transverse oscillations 
quantum mechanically. Such a picture would be in 
agreement with the properties of  string-like solutions 
found in long-distance QCD [ 14]. 

(ii) For the radii obtained the corresponding for- 
mation time is about l fm/c. Thus the strings gener- 
ally decay before they get much longer than their di- 
ameter. This indicates that the applicability of  the 
string fragmentation model is rather due to the pre- 
dominance of  longitudinal momenta  than to the geo- 
metrical shape of  the excited hadrons. This implies 
also that our treatment of  the pair production is only 
approximate and corrections like those predicted in 
ref. [ 17 ] can play a role. Consequently our result for 
the string radius could be somewhat modified by more 
elaborate calculations. 
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