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Preface

This exercise book contains the study material in mathematics for engineer
students in connection with differentiation and integration. It is mostly
intended to help the studies of engineer students at the University of De-
brecen.
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Differentiation for

univariable functions

1.1 Differentiation rules

Rules of operations:

f

(f+g)=1+7

(fog)=fog-d

f-9)=f-9+f4d

flx)=]c| =z¢ sinz | cosx | tanz | cotx | arcsin(z) | arccos(z)
f,(x) =[0]az*"" | cosz | —sinz cos‘:12 x si;%m \/11—352 — 11—122
f(z) = | arctan(z) | arccot(x) | e® a® Inz | log,z | sinhx | coshx
fl(x) = ﬁ —ﬁ la®na | 2 —— | coshz | sinhz
f(z) = | tanhz | cotha | arsinh(z) | arcosh(z)
() = T —T T T
~ | cosh®z | sinh’z V241 Vz2—1




4 1. DIFFERENTIATION FOR UNIVARIABLE FUNCTIONS

f(z) = | artanh(x) (Jz| < 1) | arcoth(z) (|| > 1)
f(@) = 1_13;2 1_11,2

Sometimes we use alternative notation for the functions bellow:
Inx =log,xz, tanz =tgx, cotx = ctgr, sinhz =shx, coshx = chx

Exercise 1.1.1 Differentiate the following functions:

fz) =L +5 Yz +10° -8 10
z)= (L —7z) arctg x —lg z - 10*
f@) = (1 - 72) - arctg z — Ig
f(z) =logyx +5,8-tgx —In x+x —1,45-cosw
f(x):w
l—ctg x

Solution. e f(x) = ;14 +5- /x + 10° — 8 - 10* Using the identities

we get that
/
@)= (27" +5 25 +10° ~8-107) =

= (@) +5- (23) + (10°) — 8- (107) =
1
:—4x_5+5'§-x_%—|—O—8-10x-ln 10 =
4 5 1

- —— —_ — — x. 8
= m5+3 7 10* - 1n 10
o f(r)=logyx+58-tgx—Inz+x—1,45-cosx
1 1 1
(z) = 5,8 —— — —+1+1,45 - si
fi(=) x-ln4+’ cos? o er +1, sin x

o f(x)= (% —7x) ~arctg x —1g = - 10*

f(z) = ((1 — 7x) - arctg a:)l —(lg z-10%)" =

X
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1
= (27! —72) -arctg x+ (; —7x)-(arctg z)' — [(Ig z)" - 10* +1g = - (10%)'] =

1
1422

1 1
= (—z2=7)-arctg z+(=—Tx)- —{ 10 107 +1g = - 10” - In 10} =
x -In

1 1 1 1
= (—— —7)-arctg 2+ (= —Ta)- - 107 +1g 2107 - 1n 1
( . 7) arch+(x Tx) 522 Lc-lnl() 0° +1g z-10" - In 0}

° f(iL') _ arlciiéltgx—;w

(arcsin « + )" - (1 — ctg z) — (arcsin z + z) - (1 — ctg x)’

[ = (1 —ctg z)? o
, ( 1_962 + 1) (1 —ctg x) — (arcsin = + x) - (— (—Sin% I))
Jl) = : (1 — ctg x)? -
L 1) - (1 —ctg o) — 2ipote
o - T2 )(1 -

Exercise 1.1.2 Differentiate the following functions:

flx) = (4 —2)° + Vx
f(w)—tg( )+arctg(1—w)

o 6433 2 + 5111(13332)

f@ ) = cos’( Yz - 111(7!1?))
f(z) =5-sinz + sin(z + 5) + sin(5x) + sin® z + 5507
f(x) =sinb+ 255 4 1. sin5

Solution. e f(z) = (4z —2)5 + Va — a7
@) = (a = 2°) + (@ - 27)3) = (%)

fi(x) = (4 —2)°  k(z) =" b(x) =4z -2
= kob(x) = k(b(z)) = k(4z — 2) = fi(z)
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fi(z) =K (b(x) - V() =6- (4o — 2)° -4 = 24 - (4o — 2)°
In a similar way with the notation fo(z) = (z — w7)% we get that

1 1— 728

R RIEL LR Sttt

falw) = 3

_ 7,6
(%) = fi(z) + falx) = 24 - (4o — 2)° + % . M
° f(ﬂf) = tg(—x) + al"Ctg(l _ x2)

f'(z) = (tg(—x))" + (arctg(1 — x2))’ -
! 1 1 2x
el R e e R e e e e
o fz)=e"+e T —e T+ —e?

flla)y=e"—e " +e ™ +3. "

— @dr—2 sm(le)

') — (6R—2Y sm(S)/
[ = (6 >+( (§)>

—_ 641:—2 .ln 6 - (4.1' o 2)/ + (Sln(13x ) (%) — Sln 131‘ ) (tg (%)), _
(tg ()"
cos(13z?) - 26z - tg (£) — sin(13z?) Cosgl(g) =
=62.In6-4+ 5
(t5 (%))

o f(x)=cos’( Yz In(Tz))
f(z) = ((Cos( V- 1n(7a:)))3>/ —
=3 (COs( 1% . 111(71;)))2 . (COS( 1\0/5 ) 1n(7:n)))/ _
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=3 (cos( V- In(72)))” - (—sin( Yz - n(72))) - (Va - In(72))) =
= 3-(cos( Yz - 1n(7:v)))2~(—sin( V- ln(7m)))-(110'm\/1x>9'1n(7x)+ 1{)/5-%-7)
e f(x) =5 sinz +sin(x + 5) + sin(5x) + sin® z + 551¢
f'(z) = 5-cosx+cos(z+5)-145-cos(5zx) 4+ 5sin? x - cos 2+ 5% - In5 - cos z
o f(z) =sinb+2%m° + 7 -sin5
f(2) =0+sin5- 26271 L gin5 =sin5- 2™~ 4 gin5
Exercise 1.1.3 Differentiate the following functions:

H(t) =13t - 1)(t — 1)?
K(q) = (q-sing)?

Solution. e H(t) = t3(t> — 1)(t — 1)?
H(t) = [ - D] - 12+ 80 1) [t -1 =
= (322 - 1)+ £ 2) (¢ - 1)+ 1) 2- (- 1)
o K(q)=(q-sing)”
K'(¢)=9-(q-sing)®-(¢-sing)’ =
=9-(q-sing)®- (1-sing+q- cosq)

Exercise 1.1.4 Differentiate the following functions and give the value

f'(x0).
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Solution. e f(z) =In(sinz) zp=

g
1 cosx U us
/ i — / — —_ = —_ =
fi(z) prgnil oL =ctgxr = f(xg)=f <2) ctg2 0
o f(gn):e’”2 xo =3
f(2) =27 = f'(z0) = f'(3) =e¥.2.3=6-¢
Exercise 1.1.5 Give the second order derivative function
f(x) = arctg x
flz)=xz-lnzx
Solution. e f(x) = arctg x
1
!/
" _ 1 /_ n-1\" _ 2\ —9 _ 2z
e fl(x)=z-Inx
!/ / / 1
filx)=(z) mz+z-(nz)=1-nz+z-—=hz+1

J'() = (e +1) =

- 0
~ (@>0)
Exercise 1.1.6 Give the third order derivative function
f(z) = cos(8x)
flx) =vx

e f(x)= cos(8x)

f'(x) = —8sin(8z) = f"(z) = —8%cos(8z) = f"(z) = 83sin(8z)
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. f()=VE 1 1
/ _ L1 _
e N
" (1 1 /_ 1 3 11
= f (.’B) = (21' 2 = —1.'13 2 = _Z x3
me s 1 _s ’_37§_3 1
» 1@ =(-p7) =g =5m

Exercise 1.1.7 Let f(z) = \3% be given. Give the equation of the tan-
gent line at xg = —1.

The equation of the tangent line at zq:

y = f(zo) + f'(x0)(z — x0)

—2+1 1
f(fﬂo):f(—l):m:—g

f(z) = ( 2t )':2'( 2+ 8) — (2w+1) 32 +8) 22
z2 48 218

2-(Va?+8) - 2z + 1) ==

N 2+ 8

3 (=1).- &L 1
f/(xo)Zf/(—l):2 S ) 6-5 17 17

9 9 3-9 27
The equation of the tangent line at xg = —1:
1 17
- 4. 1
Y=gt @ty

Exercise 1.1.8 Let f(x) = arctg z be given. Give the equation of the
tangent line at xo = 1. Give the value arctg 0,9 approximately by linear
approximation.
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f(x) =arctg x  f(xg) = % ~ 0.79

fla) = s a0) =05
@) =~ ) =03

e The equation of the tangent line: y = 0.5(z — 1) + 0.79.

e arctg 0.9 ~0.5(0.9 — 1)+ 0.79 = 0.74.

1.2 Analysis of differentiable functions

Steps of investigations of differentiable functions:

1. If the domain is not given, to give the largest subsets of the reals on
which the function (the expression) can be defined.

2. To give the places where the function is not continuous.
3. To give the zero set of the function.

4. To give the limits, where the function is not continuous. To give the
limits on the border of the domain.

5. To investigate the monotonicity, and to give the places and values of
the local extremums.(by the first derivative function)

6. To investigate the convexity and inflexion points. (by the second
derivative function)

7. To give the schematic graph of the function using the last steps.

8. To give the range of the function.
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Exercise 1.2.1 Give the analysis of the following functions:
fz) =2 - 3z

1. The largest subsets of the reals on which the function (the expression)
can be defined: z € R

2. The places where the function is continuous:x € R.

3. The zero set of the function: {—+/3,0,/3}
fx) =023 -3x=0&z-(22—-3)=0.. Thusz =0 or x = +/3.
. o . 3 o . 3 . o i s
. T 3 T 3. A \W
Jim () = Ji (o = 3) = Jim o (1= 5x) = o0
5. f'(r) =3z% -3

Possible places for extremum: We have to find the places where f' = 0.

322 -3=0 = 32°=3 = 2?>=1,

So it follows that x = £1.

r<—-1| z=-1 -l<ax<l1 T = x>1
f(x) + 0 — 0 +
f(x) T loc. max. + loc. min. 0

6.

Possible places for inflexion points: f/ =0 & 6x=0 & z=0.

r<0 |z=0] >0
) | = 0 +
f(z) | concave | ip | convex
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7. The schematic graph of the function:

4
3

2

8. The range of the function: f(z) € R.

Exercise 1.2.2 Give the analysis of the following functions:

fla) =+

1. The largest subsets of the reals on which the function (the expression)
can be defined: = € R\ {0}

2. The places where the function is not continuous:x = 0.

3. The zero set of the function is empty. (f(z) =0 < z+ 1

22 +1=0).

=0«

Jim f(z)=—oo,  lim f(z)=+oo,

xkglof(m) - xkg}kof(m) = e

5. f(x)=(x4+z )Y =1-22=1-4%
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Possible places for extremum: We have to find the places where f’ = 0.

13

, 1 2 -1 9
flr)=081-—5=0&—F5—=02"-1=0& z=—-lorz=1
— x x

, 1 2 -1 5
f(#)>0e1-—=>0 & >0 2°—-1>0& z<—-lorxz>1.
— x x

, 1 x2 -1
fllz)<0el-—5<0 < <0e2’-1<0e —l<z<l.
— x

r<-1] z=-1 | -1<z<0|xz=0|0<x<1 r=1 z>1

f'(x) + 0 - 3 — 0 +

f(z) 0 loc. max. i} ] b loc. min. 0
The value of the local maximum: f(—1) = —2, the value of the local
minimum: f(1) =2

6. f"(2) =(1—27%) = (=227 = &.
Possible places for inflexion points: f” =0
f"(z) # 0 : f has no inflection point
f”()>0<:> >0 < 2 >0, on similar way f/(z) <0& % <0<z <0
This means that f is convex on the interval (0, +00) and concave on (—o0, 0).
7. The schematic graph of the function:
r<—-1] z=-1 | -1<z<0]|z=0|0<z<1 z=1 z>1

f(x) + 0 — ] - 0 +
f(z) — — — # + + +

f(zx) TN loc. max. N 3 lu loc. min. | T U

8. The range of the function: f(z) € (—oo, —2]U[2, +00)
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Exercise 1.2.3 Determine the global maximum and minimum of the fol-
lowing functions.

Solution:
o f(x)= ", zel[-1,1]

D = [-1,1] is a bounded set, therefore the continuous function f have
global maximum and minimum; these are either in the interior point of the
set D (D° =] — 1, 1]) as local extremums or on the border of the set D.

I. On the set D°

by le(@—4)—z-20  —z*—-4
e =@ ~w-ap

flz)=0e —2?—4=0s2%=—4

= Thus f has no local extremum on D? (so there are no global extremum
on D°).
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II. On the border of D

-1 1 1 1
N —Cad f(1) = — — =
Thus the maximum of f is %, the minimum of f is —%. o f(x) =
3
2
1
1|0 2 3 4 5

e2e=® g g [0, 4]

D =[0,4] is a bounded set, therefore the continuous function f have global
maximum and minimum; these are either in the interior point of the set D
(D° =]0,4]) as local extremums or on the border of the set D.

I. On the set D°
fl(z) =" (2 22)
fllx)=02-2r=02=1€ D°
f@)>02-2r>02<1

fz)<0&s2-22<0&2>1

r<l1 r=1 z>1
fllz) |+ 0 -
fx) 0 loc.max. 1

F(1) = e21-12 _ 1 _
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II. On the border of D
_ 1
f(0)=e’=1and f(4) =e 8:6—8

Thus local maximum is e which is the global maximum of f, and eig is the
global minimum of f.

2.5

4
/
o

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

Exercise 1.2.4 The shape of a bridge over a river can be written by the
equation y = —ﬁmj—k%m, where h denotes the height of the bridge. What
s the mazimal height of the bridge if the mazimal lead angle of the bridge
is 30° and the width of the river is d = 80 [m]?

d
Solution.
Denote mp the slope of the tangent line at P = (z;y) determined by
the parabola y = —ﬁmQ + %x. Then we have the assumption

|mp| < tg 30°.
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The bridge is the image of the function

h 5 h
f(x)——mx +2—0$, x € [0; 80]

, and f’(x) is the slope of the tangent line at P = (z,y). As the polynomial
function

h h
/ —_ - .

is continuous on the bounded closed interval [0;80], thus it has a global
maximum and minimum. Because the function f’ is strictly monotone,
then the global maximum an minimum are in the endpoints of the interval:

£10) =

20 the maximum of the slopes: max,,,,

h h 2h  h h
/ L T e f the sl
f(80) = 10 + 50 = 20 + 50 50 the minimum of the slopes:.

Therefore 2% <tg 30° = ? must be satisfied, which from

h< 20‘f’ ~ 11,547 [m].

1.3 L’Hospital’s rule, Taylor polynomials.

L’Hospital’s rule states that if f,g: (zo,z0 + r) — R are differentiable
functions, such that g(z) - ¢’(x) # 0 and either le flx) = le g(z) =0,
T—T0 T—To
or hﬁm f(z) = +o0, le g(x) = oo (possibly xyp = +00), then we have
T—xT0 T—x0
!/
o T @

w20 g() ~ et /()

)

if the latter limit exists.

Let f: [a,b] — R be a function differentiable n times. Then the Taylor
polynomial of order n of f(z) around a point xo € (a,b) is given by

-750
nxo Z *xO)k-
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If g = 0 then the above polynomial is called the MacLaurin polynomial of
f(z) of order n. (0l:=1 and f© := )

Exercise 1.3.1 Calculate the following limits.

V14 -1 ) 3 —1 ) =1
lim ——— lim ————— im —
=0 T e—14x3 — 0 —3  zo4o0dxd —x — 3
. SinT—cosT . sinx . .
lim ———— lim lim x-sin—
=7 T— g z—0 X T—+00 x
lim sin 4x lim 1 — cos2x i In (%)
z—0 bx z—0 1 — cos 3z =2 x — 2
lim ze ™™
Tr—r00
Solution.
po Vita -1 Vite-1) | 4221
. pr— p— =
J?l—>0 €T x—0 (:U)/ :L’IL% 1
1 1
g 2VIte 2140 1
T a0 1 N 1 2
T =1
o -
prae 423 — . — 3
3 _ 1 / 3 2 3. 12
= lim \? ) = lim :E

ool (dz3 —z—3)  a-11202 —1  12-12—-1 11

e lim ——— =
z—+o0 43 —x — 3

) (3 — 1) . 322
= lim ——— = lim — =
T—+00 (4$3 — T — 3)’ z—=400 1222 — 1

= lim 7(3x2)/ = lim bx _
~aotoo (1222 — 1) aotoo 24x
(6z) .6 6 1

T——+00 (243:)’ T—+o00 24 24 4
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SN T — cos x

(sin x — cos x)’ . cosT+sinzT . cos T +sin g
= lim .y = lim ——> " — lim —4 "4 /9
T3 (.TU — Z) T3 1 =7 1
. osinT . (sin z) . cosx cosO
e Ilim = lim = lim = =1
z—0 X x—0 ((1})’ z—0 1 1
° lim z-sin— =
T——+00 x€X
1
1
. sinl _ (sind) cosy (_?)
= lim T = lim T = lim T =
=400 = z—+oo (=) T—+00 -
X X
. 1
= lim cos— =1
Tr—+0c0 €T
. . /
sindr . (sindx) . 4dcosdx
e lim :hmizhmizg
z—0 bx =0 (bx)! 2—0 5
/ .
. 1—-cos2x . (1 —cos2z) . 2sin2x
o lim ———— =lim —M~ =

i = lim — =
z=0 1—cos3z 220 (1 — cos 3x)/ z—0 3sin 3z

(2sin 2z)’ y dcos2z 4

250 (3sin 3z)’ T o509c0s3z 9

In (%
e lim (2):11111;:%
=2 1 — 2 z—2 T
. _ . x . 1
e Ilim ze®=1lim —=lim —=0
T—00 r—oo el z—o00 et

Exercise 1.3.2 Give the Taylor polynomial of f(x) = arctg x of order 3

around the point o = 1. By the help of the result give the value arctg 0,9
approzimately.
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Solution.
Tong() = Flao)+ 2 (o) + L0 e L) e
712 = 10 + TP -1y 0@ 1y Wy
f(z) =arctg z = f(z) = % ~ 0.79
J@)= o = o) =05
F'@) =~ = @) =05
)= S = e =0

1
Ts1(z) = 0.79 + 0.5(x — 1) — 0.25(x — 1)* + - 1)3

1
arctg 0.9 ~ T3,1(0.9) & 0.79+0.5(0.9 1) —0.25(0.9 — 1)* + (0.9~ 1) =

L
12
~ 0.79 — 0.05 — 0.0025 — 0.000083 = 0.7374

= 0.79 4+ 0.5(—0.1) — 0.25(—0.1)* + —(—0.1)* ~
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Exercise 1.3.3 Give the polynomial f(z) = x>+ 52> — 7z + 3 as the poly-
nomial of x — 1.

Solution. Now zg = 1.

f) = £ + T @ 1y E0 @ o2 Sy

f'(x) =322 + 100 — 7, f"(x) = 62 + 10, f"(x) = 6
fyy=2, f1)=6, f'(1)=16, f"(1)=6

flx)=(x—-13+8x—-1)2+6(x—1)+2
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Integration of univariable

[ ]
functions
2.1 Indefinit integral
f(x) k aﬁa cos T sinz ﬁ ﬁ
Jf(@)dz | kx+c | Ty te|sinz+c| —cosz+c | tanz+c | —cotz+c
f(zx) ﬁ \/1£7 et | a® 1 | coshz | sinhz
J f(z)da | arctan(z) | arcsin(x)+c | e® | & | In|z| | sinhz | coshz
Exercise 2.1.1 Determine the following indefinite integrals:
' 4,6 9 10
12 —3,4- 12)d /( — >d
/<silr12av+ v . {3/;5+\/1—;p2 241 .

4
sin? x

:4./

4. (—ctgz)+c +

Solution e [ ( +12¢ —3.4. xlz) dz =

1

sin? z

In12

23

dx+/12xdx—3,4~/xlzdx:
12% .%‘13

+CQ—3,4'7+63:

13
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— 4ctgrt 12 342" e
In12 130
where c is an arbitrary real number.
T

1—22 $2+1> dz =

_1 1 1

2
=4,6- ? 9 -arcsinz — 10 - arctge + ¢ =
3
46 3
=103 V22 4+ 9 arcsinz — 10 - arctgr +c =
69 5

=10 - Va2 +9-arcsinz — 10 - arctgr + ¢ =

=6,9- Vz?+9-arcsinz — 10 - arctgz + ¢
where c is an arbitrary real number

Exercise 2.1.2 Determine [ f with the help of the rule

/fax—i—b (a$+b)+c, where F' = f
. 1
f(z) = cos(2:f +3) f(z)=sin(mrx—¢e) f(z)= W
f(iv)zm flz) =e* @) =10"5
Solution.
o /cos(2x +3)dx = s1n(2:;+3)

+¢, (f(z) = cos(x))
° /sin(wx —e)dr = _w

2= e, (J(@) = sinx)

2. INTEGRATION OF UNIVARIABLE FUNCTIONS
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1 _ tg(br —2) oy
* /0082(51’ —2) dr = 5 +e (fl@) = Cos2(z))

Az

o /e4zdx:%+c, (f(x) =¢€")

1 _ In|10 — 5z L
* /10—59:dm_ 5 Te @)=

Exercise 2.1.3 Determine the indefinite integrals [ f by

, gn+1
/g g dw=n+1+c, (n #-1))

f(z) =sin®z-cosz f(z) = cos’(6x) - sin(6x)

M f(z) = In°z

Veos™(—x) R
Solution.

.3 $n4x
o [sin®z-cosxdxr = +c
o g(z) =cos(6z), n=4, ¢ (z)=—6-sin(6z)
1 1 5

/COS4(6$)'Sin(6$) dz = _6/ cos'(62)-(—6)-sin(6z) dz = _6'0055(63:)_%

e g(z) =cos(—z), n=—5, ¢(z)=—sin(—z) (1) = sin(—2)
sin(—x)

cos’(—x)

= 3 o) + e

In° 1 In°
o/ﬁdm:/—'(lnx)5dm:ﬂ+c
T T 6

dr = /sin(—x) (cos(—)) T de = 2+ (cos(—)) T + ¢ =
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Exercise 2.1.4 Determine the indefinite integrals [ f by
/
/g—dx =Inlg|+ ¢
g

1 2. 1
/Ldm:f~/7mdx:§-ln|az2—5|+c

2 -5 2 2 -5 ( )
v+ 2 1 [ 2-(x+2 1,
= [ S e = Az 41
* /a:2+433+1 . /x2—|—4x+1 v njz” 44z +1]+e

72 - €7 1
1 9x
* /8-69"3+9 ) /8 e R R L
Sin
dp— [S32) 4
/ g(=3w)dz = /cos( 3x) T

- sin( 1
=Sk _
=3 / cos( da: 3 n| cos(—3z)| + ¢

1 1
/7dx:/mdmzln]tg:€|+c
tgx

tgx - cos? x

Exercise 2.1.5 Determine the following indefinite integrals. (partial inte-
gration)

/(4x—7)‘3‘”dx =7 /(:r+5) cos(4 — 11z)dz =?

/e% dz =7 /(3:2 —3x+ 1) -sin(bx) dx =7

Solution:

()—4 f() &5
3% 3% 3%
=2 (-7 - [ ddr =" (dr—T7) — — T e =
3 (4z —7) 3 dz 3 (4z /3 dz =
3% 4 3%

(4 —T7) —

= 3 3 3
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=z +5 [f'(x) =cos(4 —11
[ +9) -cosa 1) ax = [9@ 145 f16) = onld 1o

_ sin(4 — 11z) wt5) - /sin(4 — 11x) .

ldz =
—11 —11
_ sin(4 — 11z) 1 _ B
—_711-(33+5)+ﬁ' sin(4 — 11z)dz =
_ sin(4 — 11x) 1 —cos(4—1lx)
11 (x+5)+11 11 +c
x - g(x) == fl(x)=e"
—dx:/aje dx = , e . | =
= J@) =1 fla)=Sk=—c

2% — 3x -sin(bx) dx = 9@) =a® —3w+1 f(a) = sin(5)
J @ =30+ 1) -sin(su) o - [ J(e) =20 -3 f(x)= 20D
— CO;(E)x) c(2? =3z +1)+ ;/008(51') (22 —3)dz =

[g(x)zQw—3 f'(x) = cos(5x) ] _

(x
gl(x) -9 f .%’) _ sin(55x)

— cos(bx)

ot

)
—cos(bz) , , 1 (sin 5x) 2 - cos(5x)>
E (x* =3z +1)+ 3 3 (2z — 3) E z

]:

E -(x2—3x+1)+1'(Sin(gm)‘@x—?))—/sm?x)-2dx>—

27
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Exercise 2.1.6 Determine the following indefinite integrals. (partial inte-

gration)
/x “lnzdx =7 /lgaz dr =7
/(x3 — 2?) - In(3z) dz =?
Solution:
/x.lnxdm:[g(f) nf @) ;5]— lm—/.ldx_
g@) =5 flo)=% 2 x
2 2 1 2
S lna:—/fdx:x—'lnm—f-:i-i-c
2 2 2 2 2

1 1
_I'lgx_/lnlodx_”lgx_1n10’

x3—a:2‘nxx:
fe = -sya l ga) =t f@)=%-%

o 3z

zt 23 xt x3
S VG )

(4 g ) In30) ( 4 3-3>+C
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Exercise 2.1.7 Determine the following indefinite integrals. (partial inte-
gration)

/sin(2a:) -sin(3z) de =7 /631 -cos(2x) dx =7
Solution:

/sin(2x) -sin(3z) doe = —(30;(2:1:) -sin(3x) _/_(30;(21')

g g

-3 - cos(3z) do =
—_———

!

_ ) : 0s(3 d
M . Sln(:;x> + 7/ COS(2.%') - C S( x) x
2 w
ne g

= _Coz(zw)-sin(?)x)—i—;)(gn(;x) - cos(3x) — /sin(22a:) - (—3) - sin(3z) d:r) =

= _C();@:U).Sin(3x)+2. <sm(2233) -cos(3x) + % : /Sin(Qﬂf) - sin(3x) dx) -

— 2
— CO;(”T) -sin(3x) + Z -sin(2z) - cos(3x) + Z . /sin(2a:) - sin(3z) dz

Thus
/sin(23:) -sin(3z) dz =

— cos(2
- CO;(:C) sin(3x) + 2 -sin(2z) - cos(3z) + Z ' /Sin(%) - sin(3z) dz

which implies that

— 2
—Z : /sin(2x) -sin(3x) do = CO;(:E) -sin(3x) + % -sin(2x) - cos(3x) + c.

We have that

/sin(2x)~Sin(3x) dr = 2 (—(30;(21‘)

E -sin(3z) + z -sin(2x) - cos(3x) + c) .
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63:1: e3x
/e3‘” -cos(2z) do = 5 - cos(2z) — - (=2) - sin(2x) dx =

~—— ? | S
g q
3z 2
<. cos(2x) + f/egz -sin(2z) dz =
3 3 ——
new g
3x 2 3x 3x
= e? - cos(2x) + 3 <63 -sin(2zx) — /% -2 - cos(2x) d:):) =

3x 2 3z 2
= % - cos(2z) + 3 % -sin(2z) — r'e /e?’:D -cos(2z)dx | =

e’ 2 3T s 4 3z
=3 - cos(2x) + g© -sin(2x) — g /e - cos(2z) dx

Thus

3z
2
/e?’z -cos(2z)dx = % - cos(2z) + 3 e . sin(2z) — = - [ €37 - cos(2x) dz
13 3z
— . [ ¥ . cos(2z)dx = % - cos(2x) +
9 3z
/e?’m -cos(2x)dx = — - ( - cos(2x) +

Exercise 2.1.8 Determine the following indefinite integrals.

([ f@de=Flg)+e. F= [ 1)

) 8lz 1
Solution: e m dx = /81.ZU . m dx =

! /2 81 LI In|1 + 812%| +
= —- Bl ———=dr =< -In T c
2 1+ 812 2
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31
(f(x):, g(:];)—l—i—Sla;)
‘/de_/ W 5[5 mdm:

-arcsin(z3) 4 ¢

Wl =

fla) = s, gla) ="
()= = o) =)

—x 1 1 1 1
" A= -z — Az = -2 —— dr = —=.
* /cos2 227 / v cos?(x?) v 2 v v

e cos?(x?) 2
tg(x®) + ¢
1
(10) = = gta) =2)
1 1
* /x2 sin? 1 do = _/_ 22 sin?d 5= - (—ctg) e
1 1
(F@) = s 9l@) =7

Exercise 2.1.9 Determine the following indefinite integral: / arcsinz dz.

/f"ng-g—/f-g’

/ arcsinx dr = / 1-arcsinzdx = l J},((i)) :i ?qggg';)::arcsinx ]

1—22

Solution:

= x - arcsinx —

1 1 1
x-idm:x-arcsinx+f/—2x- 1—22)"2dz =
/ V1— 22 2 ( )

. 1
=z -arcsing + 5 - 2. (1 —22)% + ¢ =z arcsinz + V1 — 22 +¢



32 2. INTEGRATION OF UNIVARIABLE FUNCTIONS

2 3
Exercise 2.1.10 Determine the following indefinite integral: /L dz.
22+ 5246

Solution: The first step is to calculate the roots of the polynomial P(z) =
22 + 5z + 6. Then we have

~5+425-24 —5+1
2 2

T12 =

r1 = —3, 9 = —2. P can be written in the form

/ 2z + 3 dx_/ 2w+3
22+524+6 ) (x4+2)(z+3)
20+ 3 A q B
(x+2)(x+3) 2+2 2+3
2043 = A(x +3) + B(z + 2),

20 +3=2(A+B)+3A+2B.

Now we have to solve the following system of equations:

2=A+B
3=3A+2B

We get that A = —1 and B = 3. Therefore

2x+ 3 -1 3
—dx:/ + dr=—-1ln|z+2|+3In|x+ 3| +ec.
/(:U+2)(ac+3) +2 x+3 | | | |

(z+3)°
T+2

Using the identity of the logarithm we have [ 0 2243 __dz =In ‘—Fc.

@+2)(z13)

Exercise 2.1.11 Determine the following indefinite integral.

Solution:

. /de
x(z2+1)
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z+1 A + Bxz+C
z(z?24+1) z2+1 -

r+1=A@*+1)+ (Bx+C)x
r+1=(A+B)2?+Cx + A

So we have that

The solution of the system is A=1, B=-1,C = 1.

1 1 1 1
/ T+ / n —x + / dz +/ -+ :c:/fdx—f—
x2+1 :U2+1 T

+/x2+1d$+/x2+1d$=1n‘$‘—iln(xQ—‘rl)—‘,—arctgx_Fc_
3
Y
25 + 1622

3
% =3[ de=o [ dz= [ dz=
/25+16g;2 ! 3/25+16x2 ! 25/1+;g‘x2 T2 (22) !
5

37arctg%x+ 5 arct <4 ) 5+ 5 arct (4 )—i—
= — c= —ar ot Ce= zar =z ¢
25 2 25 e\ 5T) 20 "8\ 5

=
[ ==t 6/\/716 /_1<4x)2

1 arcsin (§x> 1 92
3 / — % +c= 5 arcsin (333)
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° /sin2x - cos’z dx

_1
2

2

cos 2z, cos“ T = % + %cos 2x, sin 2z = 2sinx cos )

N[

(sin?x =

1 1
/sin%-cos%dx = /(sinx-cosx)de = /(5 sin 2z)? dz = /1 sin? 2z dx =
_1/1 1 iz d _1(1 1sm4x)+
=1/3 gcosdedr=(gr—5— c
. /sz’n4xd$

1 1 1
/sz’n4x dz = /(sm z)?de = / (2 — 5 cos 2:5) dz = /f—fcos 2x+4 cos? 2z dx =

1
= Z/l—2cos2x+00822azdx:

1 1 1 1 3 1
= Z/l —20082m+§—|—§cos4:vdx: 1/—20082m+§+§cos4mdx:

4

1< 2Sin2x+3 +1sin4;1c>
9 T2¥T9Ty

Exercise 2.1.12 Determine the following indefinite integral.

(/f(g) -g’) og ' = F, where F' = f

Solution:
1
——Fd
. /s s
Because of substitution y/z =t we have, that
d
=12 and — = (£2) =2,

dt
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and the integral can be written in the form

t+1-1
——2tdt =2 —dt dt =
/1+\F /1 / / 1+t

:2/1—TITﬂz2u—mu+1D+c:2@&%&m¢5+n)+c

e$
bt

Because of substitution e* =t we have, that

dx
=1Int, and — = (Int) = =
z=lInt, and — (Int)

and the integral can be written in the form

e’ t 1 1
/mdﬂ?:/m;dt:/Wdt:arCtgt"_C:arCtgem‘i_c

/\/x +1
° dz
T+ 2
Because of substitution v/« + 1 =t we have, that
d
z=1t>—1, and 9 _ o,
dt

and the integral can be written in the form

v 22 12
z+1 2tt—/———mz2/ dt =
z+2 ﬁ 2 +1 24+1
24+1—
= / + dt—2/1 =2(t —arctgt) + ¢ =

:2<\/m—arctg\/ﬁ>
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2.2 Riemann integral (Definit integral), improper
integral
Exercise 2.2.1 Calculate the following integrals:
i 1
(L) /tgm dz (IL.) /a: ce¥dx
0

0

/
Solution: (I.) We use the following rule: /g— dz = In|g| + ¢; after that we
g

apply the Newton-Leibniz formula:

4 .
AT gy = —[In| cos z]

4 n
/tgmdx = —/
J COSZ

0
:—( V2 ):—m\fzo.&w

0% = —(1n|cos%| —1In|cos0]) =

11]7 —Inl

(I1.) By the help of the partial integration:

a
1 1 1 1 1
2 2x 2z 2
Ik ezmd“f‘[m 21 -G 2] ‘[641 =
0 0 9 0 0
2 2 2
e e 1 e“+1
:———+7:
2 4 4 4

Exercise 2.2.2 Calculate the following improper integrals:

(L) /:Oldx (IL) /_21dx (IIL.) /Olln:zdx

3 oo T3
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Solution: (I.) Using the definition:
/ igdac: lim %dx: lim 3 de =
2 €T c—0 Jo T C—0 Jo
(II.) Using the definition:

-2 -2 -2
/ 1 dz = lim i dr = lim 3 dr =

— 0 x3 c——o0 J. 3 c——0o0 J.

(I11.)

1
1 1 *
/ Inzdz= lim Inzdz"=" lim ([:c . 1n:c]i —/1dx) =
0 c—0+40 /. c—0+0

—6136110 ([m Inx], mc) Cgao(l Inl —c-Inc— (1 —¢))

**

= lim (—c-lnc—1+¢)=0-14+0=-1
c—0+0
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* We use the partial integration rule.

L'H )
x lim (—c-Inc) = lim ~B= lim —¢ = lim ¢=0
c—0+40 c—04+0 2 c—0+0 — 2 c—0+0

15

1

05

o

-05 1 15 2 25

-05

'
N

-25

2.3 Applications

Exercise 2.3.1 Calculate the area of the domain enclosed by f(x) = 2% —2

and g(x) = 6 — 22,

Solution: At first we give the schematic graph of the functions. The
second step is to solve the equation f(z) = g(x).

1
A
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fl@)=gx)e 22 -2=6—-1> & 22°=8 & 2°=4 & =142

Thus the area:

2 2 2 2
T = / 6—az° da:—/ 2 —2dx :/ 6—2%—(2*—2)dx = / 8—2x?dx =
-2 2 -2 -2

2231 2.93 2. (~2)
et (e ) () -

2 ~32 64
16— 0 g0 gy 32 9652 64

3 3 3 3 3

Exercise 2.3.2 Let T be the domain (solid) obtained by rotating the curve
of f(x) = \/117, x € [—1,1]. Calculate the volume of T

Solution:

V=mn. bf2(93)d$

a

1 1 2 1 1 1
V:7r-/71 (m> dmzﬂ-[l1+$2d1‘:w-[arctg(aj)]_1:

= 7 - (arctg(l) — arctg(—1)) =7 - (Z - (—Z)) = g = 7;2 ~ 4.93

Exercise 2.3.3 Let T' be the domain (solid) obtained by rotating the rect-

angle wich determined by its vertexes: (0,0), (2,3), (5,0) Calculate the
volume of T'.

Solution:
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1

|

|

|

|

I

|

&
2 4 o1 2 3 2 56
4 !

The line which passes through on the points (0,0) and (2,3): g(x) =5 -z
The line which passes through on the points (2,3) and (5,0): I(x) = —xz +5.

2 5
V=VitVi=r [ @@detn [ P@)de, gy
0 2

29 5
V:7r</-a:2dx+ (5—x)2dx>:
0o 4 2

2 5
9 a3 (5—x)3 9 8 27
—x-112. 2= —7-1[Z2.2 -0 0— 22| =
T ([4 3] +l3.(_1> 8 [(4 3 )*( —3)]
0 2
=m-(6+9)=157.
Remark: By the volume of the cones: ,
the radius of the circle: r, the height of the cone: m, then V' = =3,

V=¥r2y 33 _ g5

Exercise 2.3.4 Calculate the area enclosed by f(x) = 4x (x € R) and
g(x) = 2% (x €R).

Solution: Calculation of the borders of the integration:

3 2

dr=2 o 0=2°—4d2 & O=z-(z°—4) & x1=-2, 29=0, 3 =2

Because g(x) > f(x) if z € [-2,0] and f(z) > g(x) if [0,2], thus the

investigated area:

0 2
A= [ o@) = f@da+ [ (@) = gla) do S

f and g is also odd function
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2 2 #4712
:2-/ f(a:)—g(l‘)da::/41‘—x3dx:2- i ™L_| =
0 0 41,
24 0*
=2-|2.22-=—|2.0°—— || =2-(8-4)=
1 0 1 (8—4)=38

0

Solution. f(z) =+vVR?>—22%, z€[R—m,R]

fi(z) = Nﬁ‘(—%) = _\/h

R 2
A:r27r+27r/ VR —x2. 1+x7da::
R—m R? — z2

R 2 R
= r’r + 2 VvVR2—z2. de:r2w+2w~ Rdz =
R—m R? — z2 R—m
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=r’r+27-[R- x]g_m =r?r + 27 - (R2 — R(R - m)) = 7?1+ 27Rm

Exercise 2.3.6 By rotating the ellipse i—; + %; = 1 around the x-azis we
have a spheroid. Determine the volume of the spheroid.

3 3
2 y (—a) _ 4
SR N 7 N A S
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Differential equations

3.1 Directly integrable differential equations

Exercise 3.1.1 Show that y(x) = cx? are solutions of the equation
xy' () = 2y(x)

for all c € R.

Solution. Left-hand side:

2y (z) = z(cx?) =z - 2cx = 2ca?,

Right-hand side:
2y(z) = 2ca2,

thus the left-hand side and the right-hand side of the equation is the same
for alle € R, which means that y(x) = cz? are soltutions of the differential
equation.

Exercise 3.1.2 Solve the following initial value problem: y'(x) = cos 2z,
y(0) =1.

43
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Solution. By integration we get the solutions of the given DE:

~1 2
y(z) = ““2 Yie (ceR)
y(0) = 1, thus
in 0
1=y(0)= =~ +c=c,

i.e. ¢ =1. The solution of the initial value problem:

sin 2x

y(x) = 5 + 1.

Exercise 3.1.3 Solve the following initial value problem:

y'(z)

xT

=" = 0) = 2
oS y(0)

Solution. By integration we get the solutions of the given DE:

T 1 2x 1 9

(ceR).
y(0) = 2, more precisely 2 = y(0) = $Inl+ ¢ = ¢, thusc = 2. The

solution of the initial value problem:

1
y(x) = 3 In(z? + 1) + 2.

Exercise 3.1.4 Solve the following initial value problem:

Check your result.
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Solution. By integration we get the solutions of the given DE:

y(ar):/x~ezdw:x-ex—/exdx:x-ex—ex—i—c.
On the other hand 3 = y(0) = —e" 4+ ¢ = —1 + ¢, thus ¢ = 4. The solution
of the initial value problem:

y(x) = (x — 1)e* + 4.

Check:

(x—1)e" +4) =e® + (2 — 1)e® = ze”, y(0)=—1-e"+4=23,

3.2 Separable differential equations

Let I and J be open intervals, g: I — R and h: J — R be continuous
functions. Equation

y'(x) =g(x)-h(y), h#0

is called a separable differential equation. There exists a solution y: I — R
of equation

if and only if equality

/h(l'y)dy:/g(m)dzv
holds.

Exercise 3.2.1 The change in a bacteria population is proportional to the
population. How many bacterias were at the end of the 24-th hours if during
48 hours the numbers of the bacterias have increased from 100 to 10007
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Solution. If N(t) notes the numbers of the a bacterias at the moment ¢,
then
N(t)=A-N(t), N(0)=100.

The solution of this initial value problem: N (t) = 100 - e?.
On the other hand N(48) = 1000, thus 1000 = N(48) = 100 - e},

Therefore

In10
10=e® = A= ——.
0=e""= 18

Thus

nl0

N(24) = 100 - 245" = 100 - e2 10 = 100 - ™ V10 = 100 - v/10 ~ 316,

thus approximately there were 316 pieces bacteria at the end of the 24-th
hours.

Exercise 3.2.2 Solve the following initial value problem:
y'(z) = zy(z), y(0)=1
Solution. The investigated equation is a separable DE, g(x) = z, h(y) = v,

thus equality
1
/ —dy = / rdx
Yy

holds. By integration we get that

mlyl == +
nlyl=—+c
=
which from we have

12 x

ZQ
y=4e2 T =4e7 .c“=C-e2. (CER)

M

On the other hand y(0) = 1, thus 1 = y(0) = C - e’ = C, i.e. the solution
2

of the initial value problem is y(z) = ez .
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Exercise 3.2.3 Solve the following DE:

, sinx

Solution. As .
, sinz . 1

y?

thus g(x) = sinz, h(y) = 1/y%. Using equation [ @dy = [g(z)dx we

get that
/dey = /sinxda:.

which from it follows that
3

‘% =—cosxz +c¢, ie. y(zr)= m.

Exercise 3.2.4 Solve the following DE: ¢y = —x - e¥

Solution. Similarly as above g(x) = —z, h(y) = ¢¥ ([ ﬁ dy = [ g(z) dx),

i.e. 1
/e—ydy: /—:de.

On the left hand side we have e™¥, thus we can use that [ f(ay + b)dy =

M + ¢ as follows:

2
—e ¥ = —%+c

Multiplied by —1 we can write that e™¥ = % + C' . Using the inverse of
the exponential function in both side and multiplied by —1 we get that

72
y(z) = —1In <2+C> :
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Exercise 3.2.5 Solve the following DE:

y =tgx-tgy

Solution. The investigated equation is a separable DE, g(x) = tgx, h(y) =

tgy, thus
1
/—dy:/tgxdx
tgy

On the left hand side we can use that [ f'/f = In|f| + ¢

1
/—dy:/C?Sydy:1n|siny|+cl.
tgy siny

We can integrate on the right hand side similarly and we get that:

sinx —sinx
/tgmdx:/ dx:—/ dz = —In|cosz| + co.
CoS X COS &

Deriving notation ¢ = co — ¢; we have that
In|siny| = —In|cosz| + c.

From this equality we have to express y:

In|siny| = —1In|cosz|+ ¢
siny = :l:efln|cosx|+c
siny = :l:e—ln|c0s:c| . e
siny = eln\cosxrl .C
siny = L -C

COS T

()
y(z) = arcsin .
cos
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3.3 First order linear inhomogeneous DE
The complementary solution of equation y'(x) + a(z)y(z) = r(z) :

1. the complementary solution y. of the homogeneous part (y'(z) +
a(x)y(z) = 0):
(yc($) —C. e—fa(ac)dx)

2. a particular solution y, of the inhomogeneous part (y'(z)+a(z)y(z) =

r(z)):

(with the method of the variation: y,(x) = C(z) - e~ J 2(@)12)

3. the general solution of the inhomogeneous DE: y(x) = y.(z) + yp(z)

Exercise 3.3.1 Solve the following DE:

2

y' (@) =2z y(z) +e”
Solution This is a first order linear inhomogeneous DE.

1. the complementary solution y. of the homogeneous part y/(z)—2zy(x) =
0:
yc(ﬂf) —C- e—f—2xdz —C. 6:1@2

2. a particular solution y, of the inhomogeneous part: y,(z) = C(z) -
er,thus equation

(C(x) - exz)’ =2z -C(x) - e + e’
holds.
By derivation on the left-hand side we have that

C'(z) - e+ C(z) - e 2 =2z C(x) - o 4o,
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(the term contained C(z) always vanishes) i.e.

2 2
C'(z) " =",

which from it follows that C’(z) = 1. So C(z) = x. (It is enough to
give one primitive function, because we want to give one solution of the
inhomogeneous DE.) Thus y,(z) =« - e’

3. the general solution of the inhomogeneous DE: y(x) = y.(x)+yp(x) =
C-e” +z-¢ =(C+ux)- e,

Remark 3.3.1 ¢ — 22y =0 = ¢’ = 2zy as a separable DE: g(x) = 2z,
h(y) =y.
Exercise 3.3.2 Solve the following initial value problem:
y'(z) =y(@)+z, y0)=1
Solution. This is a first order linear inhomogeneous DE.
1. the complementary solution y. of the homogeneous part y/(z)—y(z) =

0:
Ye(z) =C - e= /e _ oo

2. a particular solution g, of the inhomogeneous part: y,(z) = C(x)-e”,

thus equality
(C(z)-e") =C(x)-e" +x
holds. By derivation on the left-hand side we have that

C'(z) "+ C(x)-e* = C(x) - e* + ,

ie.
C'(z) " =x=C'(x) = e% =z-e "

Using the rule [ f'-g=f-g— [ f-¢ we get that

C(m):/‘r.e*xdx:—x,e*x_i_/e*ﬂ?dx:_x'efx_efx:(_w_l)'efx

T

Soyp(z) =(—x—1)e ™™ -e"=—x—1.
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3. the general solution of the inhomogeneous DE:
Y(@) = ye(z) + yp(z) =C-e" —z -1

4. the solution of the initial value problem: 1 =y(0) =C—-1 = C =2,
thus y(z) = 2e* —x — 1.

Remark 3.3.2 ¢ —y =0 = ¢ = y as a separable DE: g(z) = 1,
h(y) = y.

Exercise 3.3.3 Solve the following DE:
u/(t) = e — u(t)
Solution.
1. the complementary solution u. of the homogeneous part u'(t)+u(t) =
0:
uc(t) =C - e~ 1t — ot

2. a particular solution u, of the inhomogeneous part: u,(t) = C(t)-e™"
thus

)

(Ct)-e Y = —C(t)-e .

By derivation on the left-hand side we have that

ie.

Thus
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3. the general solution of the inhomogeneous DE:

et

ult) = uelt) +uplt) = C- ¢ 5.

S

Remark 3.3.3 ' +u =0 = 4 = —u as a separable DE: g(t) = —1,
h(u) = u.

Exercise 3.3.4 Solve the following initial value problem
2 —1)-2'(t)+2t-2(t) =1, z(2)=4

1. the complementary solution z. of the homogeneous part (2 — 1) -
2/ (t) + 2t - x(t) = 0:

o - 2_dt “inlt2—1] 1 - C
R e N T e
2. a particular solution z, of the inhomogeneous part: z,(t) = %7
" 0, 5. CO
C(t C(t
2 —1)- 2t - =1
-0 ()~
C'(t)- (2 —1)—C(t) -2t C(t)
1) 2t - =1
-1 ( 1) T e
ie.
C't)=1=C(t) =t
So
t
zp(t) = 21
3. the general solution of the inhomogeneous DE:
C+t
o(t) = e(t) + xp(t) = a1

4. the solution of the initial value problem: 4 = z(2) = §*2, = C = 10,

) — 22_1»
thus y(z) = 39t
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3.4 Second order linear DE

Let p,q € R and consider equation

(0) ') +p-y (@) +q-y(x)=0.

A

It can be shown that y(x) = e** is a solution of (o) if and only if

N4+p-A+qg=0.

This equation is the so-called auxiliary equation of equation (o). As a
quadratic equation always has solutions on the set of the complex numbers,
therefore (o) always has solutions. We have three possible cases:

I. the auxiliary equation has two different real roots: A\; and Ay. Then
the complementary solution of (o):

. e)\l-ac )\gw.

y(zr) =1 +co-e

II. the auxiliary equation has one real root: A. Then the complementary

solution of (o):
y(x)=c1-eM teg-a- e,
(It is easy to check that W(x) # 0.)

III. the auxiliary equation has two complex roots: A\1 = a + 5 i and
A2 = a — (3 -i. Then the complementary solution of (o):

y(z) =c1-e** -cos(f-x)+cy- ¥ sin(f - x)
Exercise 3.4.1 Solve the following initial value problem:
y' (@) + Ty () + 10y(z) =0, y(0) =2, ¥'(0) =5

Solution:
the auxiliary equation of our differential equation: A% + 7\ + 10 =0
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(a)\2 +bA+c=0 = A= _bécg/ﬁ, where D = b2 — dac)

D=7>-4.10=49—-40=9>0,

so we have two real roots: Ao = _H;\/B = _72i3, that is A\ = —5 and
Ay = —2.
The general solution of the differential equation:

2z

y(r) = cre™" + cpe” (c1,¢2 € R).

Now we use the initial assumptions to solve the initial value problem (these
are y(0) = 2, y/(0) = 5).
Because of the first assumption

2=y(0)=cre? + e 20 =¢; + .

On the other hand, the form of a solution of the differential equation is
y(z) = c1e7°% 4 coe 2%, thus we can write

Y (x) = —5c1e79% — 2c907 27,
Because of the second assumption

5=19'(0) = —5c1e 70 — 2c0e72Y = —5¢; — 2¢s.

So we get that the constants c¢; and co satisfy the following system of

equations:
c1+ ca=2
—561 — 202 =5
The solution of the system: ¢; = —3, co = 5. Thus the solution of the

initial value problem:

y(z) = —3e 7% + He 2°.
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Exercise 3.4.2 Solve the following initial value problem:
y'(z) +2y/(x) +y(z) =0, y(0)=2, y(0) = -1

Solution:
the auxiliary equation of our differential equation: A2 +2\+1 =0
D =22—-4=4—4=0, thus we have one real solution. Because of

0=A+2\+1=(A+1)

we get that A\ = —1.
The general solution of the differential equation:

y(x) = cre™® + cowe™™ (c1,¢9 €R).

2 =y(0) =c1e 04060 =g¢,

x x

y(x) = cre ™ + cgre™ = y(x) = —cr1e7" + coe™T — cowe”

0

1=y (0)=—cre " +ce P —cy3- 0.0 = —c1 + co.

So we get that the constants c¢; and co satisfy the following system of
equations:
C1 =2
—c1+cp=-1

The solution of the system: ¢; = 2, ¢co = 1. Thus the solution of the initial
value problem:

y(x) =27 4+ ze ",

Exercise 3.4.3 Solve the following initial value problem:

y" () + 4y (x) + 5y(x) =0, y(0) =1, ¢'(0) =2
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Solution: the auxiliary equation of our differential equation: A\2+4A+5 = 0
D =4%2—-5.4=16 —20 = —4, so we have complex roots: \; = a+ (-1
and o =a — (3 -1.

Ap==4EVD _ ZUVZL A% 94 goa=-2 =1

The general solution of the differential equation:

2 2

y(x) = cre”** cosx + coe” “sinzx (c1,c2 € R).

1=y(0) = c1€”cos 0 4 c2e’sin0 = ¢q, thus ¢ =1

2 2

because of y(x) = c1e™** cosx + coe " sinx we get that

2

y'(x) = —2c1e”** cosx — cre” 2 ginz — 2c9e 2 sinx + coe” 2% cos x

0 0

2=19/(0) = —2¢1€% cos 0 — c1€%8in 0 — 2¢9€% sin 0 + ¢9e? cos 0 = —2¢; + ¢s.
As ¢; = 1, thus cg = 4. The solution of the initial value problem:

2

y(r) = e * cosx + 4e > sin x.

Exercise 3.4.4 Solve the following differential equation: y"(x) + 5y'(z) +
6y(x) = 12e".

Solution.
1. the auxiliary equation: A 45\ +6 = 0, the roots: A\; = —2, Ay = —3.
The general solution of the homogenization:

3x

ye(z) = cre” % + cqe” (c1,c0 € R).

2. we search a particular solution of the inhomogeneous DE in the form

Yp(x) = c1(2)e™ + ea(x)e™™

by solving the system
d(x) e+ dy(x)- e =

A(x)  (=2)-e 2 £ ch(z) - (=3) -3 =127
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This is a linear system of equations for ¢ (z) and c,(x), we solve it by
Cramer’s rule. The Wronskian (i.e. the coefficient matrix of the system):

672:): ef3x 6751
—2e72r  _3e 7 ’

W(x) = ’

Denote W;(z) (i = 1,2) the determinant which one we get if we replaced

the i-th coloumn of the Wronskian with the vector ( , (x()] ) Then we

have
_ 0 e—3w _ —2x
Wl(x) — 12ex _36_3x — *126 B
e—QJ: 0 -
WQ(w) — _2e72x 1261. = 12e .
By Cramer’ rule we get, that
Wi(z) —12e72¢ Wo(x)  12e77
/ _ _ 3 / _ _ _ 4
ci(x) W) —5 = 12e°*, cy(z) = W) ~ —e 12e™,
from which it follows that
3z 63:6 3x
ca(z) = 12/e dz = 12? =4e

and
e433
ca(x) = —12/e4x dz = _IQT = 3¢,

Using these functions

3. y(x) = cre™? + e £ e (c1,c2 €R)

Exercise 3.4.5 Solve the following differential equation: y"(z) + y(x) =
3 - sin(2z).
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Solution.

1. the auxiliary equation: A\?> + 1 = 0, the roots: \; = —i, Ay = i. The
general solution of the homogenization:

Ye(x) =1 -cosx +cg - sinx (c1,c2 € R).

2. we search a particular solution of the inhomogeneous DE in the form
yp(x) = c1(x) - cosz + ca(x) - sinz
by solving the system

¢ (z) -cosz + dy(x) sinz =0

c(x) - (—sinx) + cy(z) - cosw = 3 - sin(2x)

This is a linear system of equations for ¢} (z) and c,(x), we solve it by
Cramer’s rule. The Wronskian (i.e. the coefficient matrix of the system):

cosx sinx

. = cos?z +sin’z = 1.
—sinz cosx

W(zx) = ‘

Denote W;(z) (i = 1,2) the determinant which one we get if we replaced

the i-th coloumn of the Wronskian with the vector ( . (a:()) ) Then we

—sinx 3 -sin(2z)

have
_ 0 sinz | . . _ . 92
Wi(z) = ‘ 3. sin(22) cosz | sinz - 3 -sin(2x) = —6 - sin” x - cos x.
Wg(a:):‘ cosw |:COS$-3'Sin(2$):G-Sinﬂf'COS2x.

By Cramer’ rule we get, that

2

! .
2x-cosz, dy(x)= =6-sinx - cos” z,

d(z) = = —6-sin
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from which (by [¢' - g% =

' if @ # —1) it follows that
sin® x 3
ci(z) = —6- 3 = —2sin” x
and 5
co(x) = —6- COZ T _2cosda.
Using these functions

yp(z) = —2sindz - cosx + (—2cosd zsinz) =
—2-sinx - cosz - (sin?x + cos? z) = —sin(2x).
3. y(x) =c¢1-cosz+cy-sinx —sin(2z)  (c1,c2 € R)

Exercise 3.4.6 Solve the following DE: y"(x) + y'(z) — 2y(x) = 5e**
Solution:

1. the complementary solution y. of the homogeneous part

MNir—2=0= N =-2, =1
Ye(z) =1 - e 4oy e”
2. a particular solution y, of the inhomogeneous part: y,(z) = A elr
5
16Ae™ + 446" — 2A4e* =5 = 18A=5 = A= _—

18
ST

Yp(x) = 13 "€

3. the general solution of the inhomogeneous DE

_on 5
y(7) = ye(x) + yp(x) c1 2y co-e¥ + E et
Exercise 3.4.7 Solve the following DE: y"(x) 4+ y(z) = 3sin(2x)

59
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Solution:
1. the complementary solution y. of the homogeneous part:
N4+1=0 = N =—i, \o=1

0 0-z

Ye(z) =c1-€"% - cos(x) +ca- e -sin(x) = ¢ cos(x) + ¢ sin(z)
2. a particular solution y, of the inhomogeneous part:
yp(x) = B cos(2z) 4+ C'sin(2z)
(B cos(2x) + C'sin(2z))” + Bcos(2z) + C'sin(2x) = 3sin(2z)
(—2Bsin(2x) + 2C cos(2z))" + B cos(2x) + C'sin(2x) = 3sin(2x)
—4B cos(2x) — 4C sin(2x) 4+ B cos(2x) + C'sin(2z) = 3sin(2z)
—3B cos(2z) — 3C sin(2x) = 3sin(2x)
= B=0,C=-1 = yy(zr)=—sin(2z)

3. the general solution of the inhomogeneous DE:

y(x) = c1 cos(x) + cosin(x) — sin(2z)

Exercise 3.4.8 Solve the following initial value problem:
y'() + 2y () +y(a) = 2%, y(0) =7, ¥/ (0) = 3
Solution:
1. the complementary solution y. of the homogeneous part:
M+2X+1=0 = A=-1

yc(x) =c1-e P +egx-e”
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2. a particular solution y, of the inhomogeneous part:
yp(z) = Ax* + Bx + C
(A2? + Bx 4+ C)" + 2(Az* + Bz + C) + A2® + Bx + C = 2*
2A+4Ax +2B+ A2 + Br+C =12 = A=1 B=-4,C=6
yp(r) = 2% — 42+ 6
3. the general solution of the inhomogeneous DE:

ylx)=c-e " 4cy-r-eC+a?—42+6

4. T=y(0) =1 +6 and —3 = ¢/ (0) = —c1 + ¢c2 — 4, the solution of the
system: ¢c; =1, cg = 2

The solution of the initial value problem:

yr)=e " +2 x-e " 4+a%—4x+6

3.5 Laplace transform and its applications

Definition 3.5.1 Let f : (0,00) — R be a function which is continuous
up to finitely many points, and f(t)e~* is bounded for some positive real
number a. Then the Laplace transform of f is defined as

LU 0] = Fs) = [ et

The inverse Laplace transform is given by
LTHF(s)] = f(1).

The basic Laplace transforms are given in the following table.
Basic Laplace transforms
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e~ " (a > 0,n>0) | sinwt | coswt
n! w
(sta)ntl s24w? | s24w?

~
~—~
~
S~—
@ = =

Theorem 3.5.1 The Laplace transform is linear, that is we have

Llaf(t) +bg(t)] = aL[f ()] + bL[g(?)]
for any a,b > 0 and functions f,g as above.

Remark 3.5.1 The Laplace transform is not multiplicative, that is, in gen-
eral we have

LIF@gt)] # LIFBIL[9()]

for functions f, g as above.
Theorem 3.5.2 Let f be as above, and let F(s) = L[f(t)]. Then we have
LIf'()] = sF(s) = f(0),  Lle~®f(t)] = F(s +a) (a2 0),
LIf"(t)] = s*F(s) — sf(0) — f'(0) and
£(0) = lim sF(s).

§—00

Application of Laplace transform for differential equations

Let bg, b1, by be real numbers, and consider the differential equation

bay” + b1y’ + boy = f(t),

assuming that for all functions appearing here we can apply Laplace trans-
form. Then we have

Llbay" + bry’ + boy] = L[£(t)],

yielding
baLy"] + b1 L[Y'] + boLly] = F(s),
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where F(s) = L[f(t)]. Letting Y (s) = L[y(t)], we get
ba(sY (s) — sy(0) = ¢/(0)) + bi(sY (s) — y(0)) + boY (s) = F(s).
This gives

F(s) sbay(0) + b2y’ (0) + bly(o).

Y =
(8) = 3 T bis 7 o bys? + bys + by

From this, using inverse Laplace transform, we obtain y.

Exercise 3.5.1 Cualculate the Laplace transforms of the constant function
1.

If f(t) =1 then
E—0O0

efst € eS¢ 1 1 eS¢ 1
:liml ] zlim< —>zhm<_ >:
E—0O0 —S8 0 £—00 —S —8 £—00 S S S

Exercise 3.5.2 Solve the following initial value problem:

o0 =
L= Fs) = [ 1-edt=lm [ 1-edi=
0 0

y' — 6y +5y=0, y(0)=1, y'(0)=-3

Solution.
STEP1: Transform both sides:

Lly" — 6y’ + 5y| = L[0]
using the linearity of the transformation we have
Lly"] = 6L[y'] + 5L[y] = 0.
Using Theorem x we get that

s*Ly] — sy(0) — y'(0) — 6(sLIy] — y(0)) + 5L[y] =0
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STEP2: Simplify to find Y (s) = L[y]:
s?Lly] — sy(0) = (=3) = 6(sL[y] — 1) +5L[y] =0
(s> =65+ 5Ly —5+9=0

s—9
Ly = 5——F——
1v] s2—6s+5
STEP3: Find the inverse transform y():
Use partial fractions to simplify, (s> — 6s+5=0 = s1 =1, 53 =5)
s—9 a b

82—68+5:S—1+S—5

s—9=ua(s—5)+b(s—1)=(a+b)s+ (—ba —b)

Equating the corresponding coefficients we get system of equations: {1 =
a+b, =9 = —ba — b}, the solution is @ = 2, b = —1. Thus L]y] =
S - The last expression corresponds to the Laplace transform of
2et — 5. Therefore, it must be that

y(t) = 2et — €5t

REMARK: The method finds the particular solution of an initial value
problem directly, without solving for the general solution first.

Exercise 3.5.3 Solve the following initial value problem:
y" — 2y + 2y =cost, y(0)=1, y'(0)=0
Solution. STEP1: Transform both sides:
s*Lly] — sy(0) — y'(0) — 2(sL[y] — y(0)) + 2L[y] = L[cos]
STEP2: Simplify to find Y'(s) = L]y]:

(2 =25+ 2)Lly] — s +2 =

s24+1
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2 S
9 s+ (s—2)(s2+1)
(s* =25+ 2)L[y] = 21

s+s3+s5—252—2

Ll = (s24+1)(s2—2s+2)
§3 — 252 + 25— 2
Ll = (s2+1)(s?2—2s+2)

STEP3: Find the inverse transform y(t):
Use partial fractions to simplify.
24140, s2—25+2#0if s € R:

$3— 252 4+25—2 as+b cs+d

(s241)(s2 — 25 +2) T I T e v

If we multiply by (s? + 1)(s? — 2s + 2) then we have
The left-hand side: s® — 2s% + 25 — 2
The right-hand side:

(as+b)(s* — 25 +2) + (cs + d)(s* + 1) =
= as® — 2as® + 2as + bs®> — 2bs + 2b+ ¢s® +cs +ds® +d =
=(a+¢)s*+ (b+d—2a)s® + (2a —2b+c)s + 2b+ d
Equating the corresponding coefficients we get system of equations:
{a+c=1,b+d—-2a=-2,2a—2b+c=2, 2b+d= -2}

Now we solve this linear system of equation by Gauss elimination: The
fourth row is a short notation for the equation 5d = —6, thus d = —g

From the third row 12¢ + 8 - (—%) =0, thus ¢ = %
From the second equation b+ 2 - % + (—g) =0, thus b = —%
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From the first equation a + % =1, thus a = %

1 2 4 6
qy]zgs—g 55" 5
s2+1  s2—2s5+2
s—2 45 —6 >

Lly]=--
1v] 5 (52—|—1+32—2s+2

s 2 A(s—1) 2
Lly=z-|3 ) 2 )
5 s+1 s4+1 s4—25s+2 s°—2s5+2

1 S 1 s—1 1
Lly] = = - -2 4 -2
] 5 (52+1 32—1—1+ (s—1)2+1 (3—1)2+1)

y(t) = (cost — 2sint 4 4e’ cost — 2¢’ sin t)

ot =

3.6 Special second order differential equations

Consider the differential equation y”(x) = f(z,y(x),y (x)).

67

o If f(x,y'(x)) (it is independent from y), then we can use substitution

y'(z) = p(x) to get an first order DE for p. If p* denotes its solution,

then the solution of the original second order DE is [ p*.

o If f(y(z),y'(x)) (it is independent from x), then we can use substi-
tution ¢ = p(y). In this case v = p'(y) - v = p'(y) - p(y). thus for

p equality p'(y)p(y) = f(y,p(y)) holds. If p* denotes its solution, to
get the solution of the original second order DE we have to solve the

separable equation y' = p*(y).

e there is no general method if f is independent from o/’

Exercise 3.6.1 Solve the following initial value problem

y"(z) = 6x + cos , y(0) =1, 4 (0) =2
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After the substitution we have p/'(z) = 6z + cosz. By integration we get
its solution:

p(x) = /6x + coszdr = 322 + sinz + ¢
Because p(z) = y/(z) we have y/(x) = 322 + sinz + ¢. By integration

3

the general solution: y(z) = z° —cosz +cx +d (c,d € R).

y(0)=1 thus 1=—cos0+d=-1+d =d=2;
Y (0)=2 thus 2=3-0>4sin0+c = c=2.

The solution of the initial value problem:

y(x) = 3 — cosz + 2z + 2.

Exercise 3.6.2 Solve the following initial value problem

z-y'(@)=y(2), y(1)=0y(1)=2

Solution. z-p'(z) = p(z) = p/(z)—1-p(z) = 0- first order linear homogeneous DE

= p(x) —C.ef e — gL ehlel — ¢ ||

Y(@)=C-z = 2=y (1)=C-1 = C=2

C
0:y(1):§+D:1+D = D=-1
The solution of the initial value problem:

y(z) =2° — 1.
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Exercise 3.6.3 Solve the following DE y"(z) + 3y'(z) = z
Solution.

p'(x) + 3p(x) = x - first order linear inhomogeneous DE

The homogenization: p'(z)+3p(z) =0 = pp(z) =C- e 3 — 0o,
A particular solution of the inhomogeneous equation: p,(x) = C(z) - e™3®

(C(x) -e_3m)/ +3.-C(z)- e =z

C'(x)- e —3.Clz)- e +3.-C(x) e =2z,
ie. C'(z) = xe3®.
Now we use the partial integration rule to get C'(x):

1 1 1 1
C(z) / 3 dy = fa:e?’fc - §e3x =3 (x - ) :

Using this we get that

1 1
pp(r) = Clz)e " = e <3x — 9> e 3 = 35

The general solution of the first order inhomogeneous DE:

1 1

p(x) :ph(x) +pp($) =C- eigx + §JE - §

1
T — 9 by integration we get that

e X X
. — ——+4+D C.D e R).
St 9t (C,D eR)
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Exercise 3.6.4 Solve the following DE:

y'(@)=2-y'(z) y(2)

Solution. After the substitution we have p'(y) - p(y) = 2 - p(y) - v. It is
easy to see that p = 0 is a solution. Assume that p # 0. Then p'(y) =
therefore by integration we get that p(y) = 32> +c. As 3/ = p(y), thus
v =v*+c = y =1-(y?+ c), which is a separable equation.

With the notations h(y) = 32 + ¢, g(z) = 1 using the solution method
Ik % dy = [ g(x) dx we have

1
dy = | 1dz.
/y2+c y / .

f lde =2+ d1,
on the other hand

1 1 1 1 1
P L S S
Yy +c c) L 41 c

2
(e
f f(9)-9'=F(g)+constant
SV / ~
‘i1 \ﬁ
_9 1 y
S -\/c - arctg (\[> +dy = ﬁarctg (\[> + da,

using the notation d := d; — dy we have

1
% arctg (\%) =z +d.

y(z) = Vetg(Ver + Ved) = Ctg(Cr + D).

Exercise 3.6.5 Solve the following DE:

y(@)-y'(2) = (¢ (2))°
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After the substitution we have y - p/'(y) - p(y) = (p(y))*. It is easy to see
that p = 0 is a solution. Assume that p # 0. Then we get y - p'(y) = p(y)
which is an first order linear homogeneous DE. It can be written in the
form p'(y) — % -p(y) = 0. Thus

ply) =C e v =il = oy

As y' = p(y), thus ¢ = C - y which is an first order linear homogeneous
DE. It can be written in the form 3 — C -y =0

y(x) =D - e~/ ~Cde — p.Cw

Exercise 3.6.6 Solve the following initial value problem
y"(x) = 6x + cosz, y(0) =1, y'(0) =2
Solution Using substitution p(x) = y/(z) we have that p'(z) = y”(x), thus
p'(z) = 6x + cosx.
By integration we get that

p(x) :/6:1:+cosajd:x =32 +sinz +c

As p(z) = y/(z), therefore
' (z) = 322 +sinz + c.
Using integration again
y(z) =2° —cosz+cr+d (c,d€R).
From the initial assumption y(0) = 1, it follows that
l=—cosO+d=—-1+d

thus d = 2.
On the other hand ¢/(0) = 2, thus 2 = 3-0% + sin0 + ¢, i.e. ¢ =2. The
solution of the initial value problem:

y(x) = 23 — cosx + 2z + 2.
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4

Differentiation for functions
of type R" — R

4.1 Scalar fields

Exercise 4.1.1 Give the first order partial derivatives of
flayy) =2® + 3zy +y°

Solution. The notation of the first order partial derivatives:

fa/:(x7y) = aﬁﬁf(x7y) = 81f($,y) = le(x7y) - gi('xay>

fgl/('r7y) = 8yf($7y) = Z?gf(x,y) = DQf(xvy) = gi(xay)

For the determination of 0 f(z,y) we have to think of = as a variable and
y as a constant. Similarly, for d2f(z,y) we have to think of y as a variable
and z as a constant.

o f(z,y) =2x+3y and Oof(x,y) = 3z + 3y°

73
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Exercise 4.1.2 Give the first order partial derivatives of
f(a,y) = 2®sin(z® +y*)
Solution.
of L3, .4 2 3, .4 2
a—(az,y) = 2zsin(z® +y*) + 2 (cos(z” + y*)) - 3z =
x

= 2xsin(z® + y*) + 32 cos(2® + y*)

of

a—y(aﬁ, y) = 42y3 cos(x® + ).

Exercise 4.1.3 Give the first order partial derivatives of

. $5+xy
Solution.
flf( ) = (5t +y) (w4 2y)> — (2° +ay) -3 (z+2y)* - 1
T (z +2y)°
ﬁ( ) = z(z+2y)? — (2% +zy) - 3+ (z+2y)* - 2
dy ) (x + 2y)6

Exercise 4.1.4 Give the first order partial derivatives of
flay) = a2

Solution. 5
a—f(:n, y) = 5t - ¥V 4 15 . 2y
x

0
8—f(;v, y) = x0e?™ . 2z = 225622V
)
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Exercise 4.1.5 Give the first order partial derivatives of

flz,y) =2Y +y*

Solution.
of _ "
5y y) =yt 4y Iny
g‘g(x,y) =¥ -Inz + zy® !

Exercise 4.1.6 Give the first order partial derivatives of

flz,y) = /22 + 62y + ¢3

Solution. The root can be written as a power:

flz,y) = (&% + 6zy + )7

af
ox

of
y

1
(z.) = 5(a® + 62y +y°) 72 (22 + 6)

1
(2,) = 5(a® + 62y +y7) 2 (62 + 3y)

Remark 4.1.1 The derivative of scalar field f: R™ — R at rq is called the
gradient of f at rg and it can be calculated as

gradf(ﬂo) = (alf(f())’ R anf(ﬂo)) :

Exercise 4.1.7 Give the value of the derivative of the following function
at the given place. f(z,y,z) = (22~2)-(2—-y)*, 0 = (20, %0, 20) = (1,0,0)
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Solution.
nf(z,y,2)=2-2-y’+@2x-2)-0=2-2-y)°
Oaf (w,y,2) = (22— 2) -3 (2—y)*- (—1)

an(xvyvz) = (_1) ’ (2 - y)3

grad f(2,9,2) = (2- (2 — )%, =3 (25— 2) - 2~ )2, (=1) - (2 = )%), 5 ths
grad f(1,0,0) = (16, —24, —8)

Exercise 4.1.8 Give the gradients of the scalar fields at rg.
o flx,y) =2 +5ay+y, ro=(2,-1)
o« flay) =T+ - Lin=(2-3)
o f(x,y,2) =23 +5xy® +y+ 2% ry = (2,-1,0)
Solution.

o Ly =220+5y = G(rg)=4-5=—-1,

oz
%(x,y) =5r+1 = %(Q)) =10+1=11.
grad f(rg) = (—1,11).
0 o 9
« @y =g =) =1 Gy =5 = k) =—3

grad f(ro) = (},—3)-

. ﬂ(an,y,z) =322 + 5y = %(go) =17,

ox
L@y, 2) = 100y+1 = §L(rg) = =19, 8L (2,y,2) =22 = §L(ry) =
0.

grad f(ry) = (17, —-19,0).
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Remark 4.1.2 The directional derivative of f: D (C R™) — R™ at the
point rq, along the direction v is the limit

82‘]"(20): _ ;\IL% f(fo +)\.§o) . f(fo)

?

whenever it exists. Here v° denote the unit vector which has the same
direction as v, i.e. v° = HTI\ .
It can be proved that the directional derivative of f can be calculated as

Oy f(rg) = grad f(rq) e v°.

Exercise 4.1.9 Give the directional derivative of f along the direction v
at the point ry.

a) f(z,y) =2 +y% ro=(1,3), v = (3,4)
b) f($7y’ Z) =2y —yz, ro = (17 -1, 1)> v= (1737 *2)
Solution. a) First solution method:

1 1 1 3 4
0027-1}:7- 3’4 = — . 374 :(’>
Vet e OV 5 B 155

(3 +a-(24) - ru3)
—0

>

F1+303+40) - £(1,3)

= Jm ) -
2 2
(1+20) +(3+40) -2+ (6+2) - A
= lim =lim——=6
A—0 A A—0 A =

Second solution method:

1 1 1 3 4
W= — = —— (3 4) == -(3,4) = (2, =
St e GG (5:5)
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of of

%(%?J) =2z @(I’y) =2y
‘;;(ro)zg.lzz gf(ro):2~3:6
0,£(13) = (2.0) (£.5) =22 465 =
b) y(’Zﬁ'QZM'(L?”_?): (A7)

14
%(:n,y,z)ZQy gi(fﬁ Y,z )—2.’,12'—2’ ﬂ( ay7z):_y
gradf(l‘,y, Z) = (2y7 2z — Zs _y) = gradf(rg) = ( 25 1, 1)

13 2
\/ﬁ’\/ﬁ7_\/ﬂ)
(

AWf(l,-1,1) = (-2,1,1) e (

1

3 2
——+ 1. —
Vid 14

1
- i)~ vm

Exercise 4.1.10 The temperature of a body at the point r = (z,y, z) given
by scalar field

T(x,y,z2) = x>+ bxy? +y + 2°.
Give the direction of the fastest decline in view of ry = (2, —1,0).

Solution.
oT 9 9 oT
o —(x,y,2) = 32" + by = e —(rg) =17
8 oT
8 oT
b —(2,9,2) =22 = g(io) =0.

The gradient: gradT(ry) = (17,—19,0). The direction of the fastest de-
cline: v = (—17,19,0).
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Remark 4.1.3 By the formula of linear approximation we now that if we
have a differentiable function f: D C R? = R, then for a small neighbour-
hood of rq there is the approximation f(r) — f(ry) =~ grad f(ry) e (r —1rg).
With the notations ro = (xo,v0), r = (z,y) the graphical image of scalar
field

S(x,y) = f(ro) + fa(ro) - (z = z0) + fy(ro) - (v — o)

is called the tangent plane of f at ry.
So we have that for a small neighbourhood of ry there is the approzima-

tion f(r) ~ S(r).

Exercise 4.1.11 Give the tangent plane of f atry if f(xz,y) =sin z-tg y

and ry = (%, %) By the help of the tangent plane give an approximation
for the value of sin 29° - tg 46°.

Solution.
m o T o LT T 1
g(rad) =30 s Z(T‘ad) =45 " f(zo) = Sln8 . tgz — 5
3
filx,y) =tan y-cos x = fi(ry) = \Qf
1 1 1
/ . ,
2

1 V3 T
— i Y2 (. 1 _r
S(z,y) 2—|— > (36 >+ (y 4>
297 467
29° = =°° 46° = -
9 180 (rad), 46 180 (rad)
297 467 2971 467
i1 29° - tan46° = sin——— - tan—— = f [ = T ) =7
sin 297 - tan 46" = sinyey - tan7op f(lSO’ 180)

oy g (B dry L (B _my (dor )
180" 180 180" 180 2 2 \180 6 180 4
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1 3 (-
:+f<ﬂ>+1.(ﬂ>%
2 2 \ 180 180

~ 0,5+ 0,8660 - (—0,0175) + 0.0175 = 0.5023

Exercise 4.1.12 A company produces cylindrical containers. The expected
sizes are as follows: the radius of the circle is 1.5 [m] and the height of the
cylinder is 7.5 [m]. How sensitive is volume to small changes in radius and
height?

Solution. The volume of a cylinder depending on the radius and height in
the following way:
V(R,m)=R*-7m-m

To give the sensitivity we use linear approximation: Using notations Ar =
r—rgand AV =V(r) — V(rg), if ry = (1.5,7.5) then

AV = grad V(ry) @ Ar.

AV = Vi(rg) - AR+ V) (1) - Am.
VE(R,m)=2-R-7m-m = V}(rg) = Vi(1.5,7.5) = 22.57
VI (R,m)=R* 7 = V! (ry) =V, (1575)=225r
AV ~ 2257 - AR+ 2.2571 - Am

This means, that a unit change in radius results in a change of 22.57 units
in volume, while a unit change in height results in a change of 2.257 units
in volume. So The change in volume is 10 times as sensitive to the small
change in radius as to its height.

Remark 4.1.4 Suppose that the scalar field f: D C R* — R is twice
differentiable at the interior point rq € D. If O1f(rg) = O2f(rg) = ... =
Onf(rg) = 0 then rq is called a stationary point. (rqy is called saddle point
if no extreme value is attained at ry.)
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Suppose that the interior point ro € D is a stationary point. With the
so-called leading principal minors

D101 f(rg) 02011 (ro)
Aq(rg) == 0101 f(rg) Aa(rg) := det ( )
6182f(£0) aQan(EO)

0101f(rg) 0201f(rg) ... OnO1f(r)
Ay (rg) = det

010nf(rg) 020nf(rg) ... OnOnf(rg)

we can state that

A) if Ai(rg) > 0,A2(rg) >0,...,Ay(rg) >0, then f has a strict local

minimum at ry.

B) if A(rg) <0, when k is odd and Ag(rg) > 0, when k is even, then f

has a strict local maximum at 7.

C) if B) doesn’t hold and one of the leading principal minor is negative,
then ro is a saddle point of f.

Exercise 4.1.13 Give the local extremas of the following function: f(x,y) =
(x—1)24+(y—22+3 (z,y) € R?

Solution.
e step 1: 01f(z,y) =22 -2, Of(z,y)=2y—4
e step2: 2r—2=0and2y—4=0=1r; =(1,2)

e step 3:
0101 f(z,y) =2 0102f(x,y) =0

0201 f(x,y) =0 O20af(x,y) =2
e step 4: 0101 f(r1) =2, 102f(r1) =0, 0201 f(r1) =0, D202 f (1) =2
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2 0
e step 5: Ay(ry) = 0101 f(r;) =2 > 0 and Ag(r;) = det ( ) =
0 2
4 > 0 = positive definite

e step 6: f has a local minimum at ry, = (1,2). The value of the
minimum: f(ry) =3

Remark 4.1.5 ry = (1,2) is the absolute minimum of f. If x,y € R, then
fla,y) = (-1 +(y—2°+3>3.
Exercise 4.1.14 Give the local extremas of the following function:
flz,y) =323 -3+ + 4y +1
Solution. step 1:
onf(z,y)=—-922+1 Oof(z,y)=—-9y°+4

step 2:
I. —9224+1=0

II. -9y +4=0
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From I. we get that x1 2 = :l:%, from II. we get that y; 2 = j:%; the stationary

points:
(1 2> (1 2)
r's=\s—5) 4= \—"%5 "3
37 3 3 3

_<1 2> _(_1 2>
E1— 373 7£2_ 373 ’

step 3:
. —18z 0
f(zy) =
0 —18y
step 4:
AQ(g):‘ 0| A= S S, A2<13>:‘ L] dmen=| S D
step 5:
.Al 1:—6<0 AQ(Tl)—72>O :>B)

(r1)
e Ay(ry) >0, Ag(ry) =-72<0 = C)
Ai(rs)

rs —6 < 0 AQ(T3) =-72<0 = C)
e Ai(ry)=6>0, Ay(ry)=72>0 =A)

step 6: f has a local maximum at rq, f has a local minimum at r,,

)

Exercise 4.1.15 Give the local extremas of the following function:

wIin

r9 and rs are saddle points. ry = (—%,

flz,y,2) = a3 +y> + 22 + 120y + 22
Solution. step 1:
onf(z,y,z) =324+ 12y Oof(z,y,2) =2y + 12z Osf(x,y,2) =22+ 2

step 2:
I.322+12y =0

I11.2y+ 122 =0
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1112z +2=0.

From III. we have that z = —1. From II. we get that y = —6z, thus I. can
be written as 322 — 72z = 0. Thus z; = 0 or x5 = 24. Because of y = —6x
the stationary points are r; = (0,0, —1) and ry = (24, —144, —1).

step 3:

6 12 0
flay.2)=]12 2 0
0 0 2
step 4:
0 12 0 144 12 0
As(r;))=112 2 0 As(rs)=| 12 2 0
0 0 2 0 0 2

step 5: We have no theorem to decide the case of r; = (0,0, —1), because
Al(ﬂl) = 0
The case of ry = (24, —144, —1):

Aq(ry) = 0101 f(ry) =144 >0
As(ry) = det ( 11424 122 ) =2.144-12-12 =144 >0

As(ry) =det | 12 2 0 12 9

144 12 0
:2.d6t<144 12
0 0 2

>:288>0.

= A)
step 6: f has local minimum at ro = (24, —144, —1).

The investigation of r; = (0,0, —1)
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f(z,y,2) =2 +y° + 2% + 122y + 22
fry) = £(0,0,-1) = =1, f(z,0,-1) =2’ -1
r<0 =23<0 = 22-1<-1
>0 =2>0 = 22 —1> -1
= f has no local extrema at r;.
Exercise 4.1.16 A flat disc is presented by the inequality x> + y> < 1.

The disc is heated such way, that the temperature in the point (x,y) is
T(z,y) = 2% + 2y*> — 2. Find the hottest and coldest points of the disc.

Solution. We are looking for the global extrema of the function
T(x,y) =22 +2y° —x

subject to the constraint 2 +y? < 1, i.e. over the unit disc centered at the
origin.

(D = {(z,y) e R?|2® +¢* < 1})
D is a bounded and closed set, so the continuous function 71" attains its
minimum and maximum over D; the extreme values are attained in the

interior of D (D°) or on the boundary of D z% + y? = 1.
I. Extreme values over D°:

I. 2¢0—1=0
II. 4y =0
The only solution of this system is z = %, y = 0, thus the only stationary

point is rg = (%, 0) € D°. The second derivative:

010 T (x,y) =2 010:T(x,y) =0
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6281T(x, y) =0 8232T(:n, y) =4

Since

001 T(rg) =2>0 and det(g 2)28—0>0,

T has a local minimum at the point rq and T'(ry) =T (%, O) =—1.

II. Extreme values on the boundary of D:

We are looking for the extreme values of T'(x,y) = 2% + 2y* — z subject to
the constraint 22 + 32 = 1, i.e. on the unit circle K centered at the origin.

(K ={(z,y) e R?|2* + 3> =1})

K is a bounded and closed set, so the continuous function 7" attains its
minimum and maximum over K. Since

P4yi=1= y*=1-2%

thus we need to find the extreme values of t(z) := 22 + 2(1 — 2?) — 2 =
—2%2 —x+2, x € [-1,1] over the closed interval [—1,1].

* extreme values over | — 1,1]:

t'(2)=-20-1t(z)=0& z=—3

t” (—%) =-2<0 = z=—1is alocal maximizer fort
Since y = £v/1 — 22, thus with z = — we have y = +,/1 — 2 = £¥3.

1 V3 1 V3) 9

* values of the function at the endpoints of [—1, 1]:
x=-1 =>y=0and T(-1,0) =2

xr=1=y=0and 7(1,0)=0
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All together among the values

1 1
T(-1,0)=2, T(1,0)=0, T (2,0) =_=

1
(L Y3\ (L V39
27 2 2 2 4
we can find the maximum and minimum of the temperature 1. The coldest

point of the disc: (%, 0), the hottest points of the disc: (— %, @) and (—%,

4.2 Curves

Exercise 4.2.1 Consider the following heliz:
r(t)=R-cost-i+R-sint-j+X-t-k (t€R)

Calculate the angle of the axis of the cylinder containing the helix and the
tangent line of the heliz at t.

Solution: The direction of the axis of the cylinder and the vector k =
(0,0,1) are the same. The direction of the tangent line at ¢:

r'(t) = (=R -sin(t), R - cos(t), \)

If ¢ denotes the angle of the vectors a and b, then ¢ can be calculated by

aeb

the scalar product of @ and b: cosp = Tl ol Thus the angle of k and r'(t):
_ ker'(t) o
@ = arccos (m)
_ 0:(=R)-sin(t)+0-R-cos(t)+1-A __ Y _
S0 ¢ = V/(=Resin(t))2+(R-cos(t))24A2 arceos (\/W) = constant.

Exercise 4.2.2 What is the type of the following curve:

r(t) =3cost-i+3sint-j+ (2 —3cost — 3sint) -k

V3

2

).
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r(t)=2-cost-i+2-sint-j+t-k teR

Solution: The image of the curve is on a cylinder where the radius 3. If
we denote the points of the curve with (z,y, z), then we have

(%) z2=2—-x—y, ie. x+y+2z—-2=0.

Remember, that the equation of the plane which passes through the point
Py = (0, Y0, 20) and perpendicular with the vector n = (ny,n2,n3):

ny-(x —x0) +n2-(y—yo) +n3-(2—2)=0

So we get that (x) is the equation of a plane which perpendicular with
(1,1,1). Thus the plene of the investigated curve is not perpendicular with
the axis of the cylinder. It means that this curve is an ellipse.

Exercise 4.2.3 Give the parabola y = 2 by a vector-valued function. Is
there extremas of the curvature function? If there is, minimum or maxi-
mum?

Solution: r(t) =t-i+t?-j (t € R) = r'(t) = 1-i+2t-j = 1"(t) = 0-i+2-j

The curvature function:

W) == g (R
v J k

) xr"t)=]1 2t 0|=
0 2 0
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=i (26-0-0-2)—5-(1-0—0-0)+k-(1-2—2¢t-0)
0 0 2

V02 402 4 22 2

K(t) = =

(VIZ+ 7+ 02)3 (\/1+W)3

If the value is 1 + 4t2 the least, then the curvature is the greatest. This is
the case ¢ = 0. So the curvature function has maximum at ¢ = 0 (at the
vertex).

The curvature function has no minimum, because the function ¢ —
1+ 4¢2 (t € R) has no maximum.

Exercise 4.2.4 The position-time function of a particle can be given by
r(t) = (cost,sint,t), t € [0,4n].

o Give the velocity-time function of the moving particle.
o Give the acceleration-time function of the moving particle.

e Glive the scalar velocity of the moving particle at to = w. (the magni-
tude of velocity vector v(to))

o Give the moments when the velocity vector and the acceleration vector
are perpendicular.

e Calculate the covered distance on the [0, 7] time interval.
o Calculate the curvature att = 7.

e Glive the tangent line of curve r(t) at to = w. By the help of the
tangent line give an approximation for the position of the particle
when t = 3.

o Give the torsion of curve r(t) att = .
e Determine the equation of osculating plane of curve r(t) att = .

Solution:
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e velocity-time function:

r(t) = (cost,sint,t) = w(t)=1'(t) = (—sint,cost, 1)

e acceleration-time function

a(t) =2v'(t) =1"(t) = (— cost, —sint,0)

o y(m) =1'(r) = (—sinm,cosm, 1) = (0,-1,1)

o(m) = ' (m) = 02 + (1) +12 = 2

e the time instants when the velocity vector and the acceleration vector
are perpendicular:
v(t)ea(t)=0

(—sint,cost,1) e (—cost,—sint,0) =0, i.e.
(—sint) - (—cost) + (cost) - (=sint) +1-0=0 < 0=0.
It means that each time instants satisfies the requirement property.

e the covered distance between the time instants ¢t71 = 0 and ¢t5 = 7 is
the same as the arc length of the curve r(t):

L= [" ) at (: /:v(t)dt)

t1

(Note, that v(t) = v/2)

L:/ ](—sint,cost,l)]dt:/ \/(—sint)2+(cost)2+12dt:
0 0

:/“ﬁdt: V2] =va.n-Vv2.0=V2-m
0 0
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e The curvature at ¢t =

W0 ) <)
=" er - "= e
r(t) = (cost,sint,t), r'(t) = (—sint,cost, 1)
r"(t) = (— cost,—sint,0), thus

s
— (VO (-1P+ 12 (V2 2
e the tangent line of the curve r(t) at tg = m:
elt) = £(t0) + /(1) - (¢ — t);

r(t) =~ e(t). As r(t) = (cost,sint,t), thus r(7) = (—1,0,7). We
already know, that r/(7w) = (0, —1,1). So we have

=1 0 —140-(t—m)
et)=1 0 |[+]| -1 |- ¢t=-m)=| O+ (-1)-(t—m) |, azaz
™ 1 T+ 1-(t—m)
—1 -1
e(t)y=1 m—t r(3)~e3)=| 0.14
t 3
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S0 fl(ﬂ')ﬂﬂ W)KW(TF)

HOFECL:

r"(t) = (sint, — cost,0) and r"'(7) = (0,1,0).

T(m) =

By the definition of the mixed product
o/ (m)r" (m)r" (m) = (' () x 1"()) @ () = (0,1,1) # (0,1,0) =1,

thus 7(7) = (\/15)2 =1

e Osculating plane at t = 7:

A point of the plane:

Py =r(r) = (cosm,sinm,7) = (—1,0, )

A normal vector of the plane: B(rw). As B(w) || r/(7) x r’(7) thus
n=1'(r) xr"(x) (=(0,1,1).) The equation of the plane:

O-(z+1)+1-(y—0)+1-(z—m) =0, ie. y+2z—7m=0.

4.3 Surfaces and vector fields

Exercise 4.3.1 Consider the surface determined by
(u,v) — r(u,v) = (u2 — 20%, wv?, vt — u) (u,v) € R2.

Give the equation of the tangent plane which passes through on the point
f(uﬂav()); Zf (UO,’UO) = (27 _]-)

Solution: The investigated plane passes through on the point

r(ug,v0) = (2, ~1) = (4=2-1,2- (=1)%,4- (-1) = 2) = (2,2, -6).
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A normal vector of the tangent plane when (ug,vg) = (2,—1) is

or or
N2,—1) = %(27 —1) x %(27 —1).

Here
0 0
a—i(u,’u) = (2u,v%, 2uv — 1) and 8—§(u,v) = (—4v, 2uv, u?),
thus np 1) = (4,1, -5) x (4, —4,4), i.e.
ne-n=|4 1 -5/ 4 1 =(-16,-36,-20).
4 -4 414 -4

The equation of the investigated plane is —16(x—2)—36(y—2) —20(z+6) =
0, i.e.
4z —2)+9(y—2)+5(z+6)=0.

Exercise 4.3.2 Calculate the derivative, divergence and curl of the vector

field
Q(fﬁ,y, Z) = (332 - y27y2 - 227 Z2 - $2>

at the point ry = (3,2, —1).

2¢ -2y O
Solution. v'(r) = v/(z,y,2) = 0 2y -2z | =
-2z 0 2z
6 -4 0
v(rg) =24'(3,2,-1)= 0 4 2
-6 0 -2

div v = (01, 02,03) ® (v1,v2,v3) =V eu
Here

div v(rg) = Av1(rg) + Gov2(ry) + d3vs(rg) =6 +4 -2 =8,
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On the other hand

ivoJ k
rotbv=|0; 09 I3 |=V xw
V1 V2 U3
that is
i j k 1] ki g Oav3 — O3v2
61 82 83 == 81 82 83 81 (92 = 831)1 — 31’[13
v1 V2 U3 V1 V2 V3| V1 V9 (91’1)2 — 82’01
Thus
821)3(&]) — 831)2@0) 0—2 -2
rot v(rg) = | Osvi(rg) — dvs(rg) [ =| 0=(=6) [ = 6
O1v2(rg) — O2u1 (1) 0—(—4) 4
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5

Integration for Multivariable
functions

5.1 Double and triple integrals on intervals

Let I = [a1,b1] X [ag,ba] C R? be a closed two-dimensional interval. If
f: I — R is continuous, then the double integral of f over I can be calcu-
lated as two successive integration of functions with one variable as follows:

J[ #a.y) dady = 7 Cf(w) das) dy
I 1

az

or
by

| s@pdwiy = [ Cf(w,y) dy) da
I 2

ai

z

, on the

Exercise 5.1.1 Calculate the integral of the function f(x,y) =
two dimensional interval

D={(z,y)|l <z <2;3<y<4}
(i.e. D =11,2] x [3,4]).

97



98 5. INTEGRATION FOR MULTIVARIABLE FUNCTIONS

Solution.

[ (freman)as= [ (f7 ) oe-

xr=

2 4 1 2 4 1
:/ </ mdy)da::/ (x/ dy)dx:
=1 y=3 Y =1 y=3Y

2

:/21 (:x[ln|y]r )d:c:/:l (x(lnél—ln?)))dx:lng/mlwda::

y=3
ot H _ (ln4> (22 - 12) _ 3,4
3l2),., U3/\2 2) 273

Exercise 5.1.2 Cualculate the integral of the function

f(x,y) =sinx + 2siny

on the two dimensional interval

s m s

Solution.

/E (/2 (sinx+2siny)dy)dq;:
r=— y=0
/ smxdy—i—/ 281nydy> dx =
y=0
:/5 ] <[y'Sinx]§o+2'[—cosy]§o> dr —
z 2
:/5 (Wsjnx—o-sinx+2(—cos7r_(_COS()))) dr —
IE:—% 2 2

= /5 (gsinx—FQ) dx = [—gcosaH—%:]f:_1 =0+m)—(0—m) =27.
x 2

E—
-2
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Remark 5.1.1 Let I = [a1,b1] x [a2,b2] x [a3,b3] C R? be a closed 3-
dimensional interval. If f: I — R is continuous, then its triple integral
over 1 can be calculated as three successive integration of functions with
one variable:

f(av,y,z)da:dydz:b3 f blf(x,y,z)dm dy | dz.
7 I

Exercise 5.1.3 Calculate the integral of the function
fz,y,2) = 232 — 6y2% + 42 — 2
on the three dimensional interval I = [1,2] x [0, 3] x [2,6].

Solution. If the function f is continuous on the three dimensional interval
I then we can calculate in the following way:

LA(L([ gonon)a)e
R

2 3 2 3 2 6
32 z z
= x—6+4—2z} d)d:n:
a=1 </y=0[ 2 Y3 2 2=2 Y

2 3
z/ (/ (18x3—432y+72—12)—(2x3—16y—|—8—4)dy>dg;:
=1 Y

2 3
/ ( / 1627 — 416y + 56 dy) dr =
=1 y=0

2 yz 3
= {16933?/ —416%= + 564 de =
=1 2 y=0

Thus

2 2
/ 4823 — 208 -9 + 168 dx = / 4823 — 1704 dx =
x=1 =1
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zt 2
= [48 — 1704;0] =
4 r=1

=192 — 3408 — (12 — 1704) = —1524.

5.2 Integrals over general regions

If fi, f2: [a,b] — R are continuous functions with fi(z) < fa(x), = € [a, ],
then
H={(z,y) eR?*la <z <b, fi(z)<y< folz)}

is called a normal domain with respect to the x-axis (or normal domain of
type 1). In this case we have

f(z,y) dedy = b fQ(x)f(:v,y)dy dx
/1, LU

If g1,92: [a,b] — R are continuous function with gi(y) < g2(y), y €
[a, b], then

H={(z,y) € RQ\a <y<b, gi(y) <z <gay)}

is called a normal domain with respect to the y-axis (or normal domain of
type 2). In this case we have

| [ sy dzdy= | ’ ( /::j)fmy)da:) dy

Exercise 5.2.1 (Integral over normal). Calculate the integral of

f(xvy) = 2xy

on the set D = {(z,y) |0 <z <1, 22 <y <1}
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Solution. Because D is a normal domain of type 1, thus

1 1 1 Y2 1 1 1
/ (/ 2xy dy> dx = / [2x] dx = / [wyﬂ dx =
=0 y=a? =0 2 y=x2 x y=x2

=0

1

1 2 671 1
= - (m-lQ—x'(&"QV)dx:/x:O (:U—x5>d:c: F;—QUGLO:?)-

D can be written as a normal domain of type 2:

D={(z,9) |0<y<1, 0<z<yl,

1 Vi 1 42 1V
[ ([ [ [5] -
y=0 \ Jo=0 v=0l 2 "1,

1 V@F 02
= 2 —y—2—y | dy =
/;,0( 5 Y 2y) y

341
Y 1
y=0 y=0

Remark 5.2.1 (Integrals in polar coordiantes) Let

thus

h(r,a) = (r - cosa,r - sina)

forallr,a € R. If H C [0,00) x [0, 27] is a two-dimensional closed interval
and f: h(H) — R is integrable over h(H), then

/ f(m,y)dmdy:/ f(r-cosa,r-sina) - rdrda.
h(H) H

Exercise 5.2.2 Calculate the integral of

flzy) = In (2° + ¢?)

over the set T = {(z,y) | 1 <z +1y?> <4, 0<y}.
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Solution. Here T'= h(H) is a circular domain.
H={(ra)|1<r<2 0<a<m}.

Because of

2 2 2 1.2 2

2?2 4+ % =r?cos® a + r¥sin a:r2(0082a+sin2a):r

we get that

// f(z,y) dﬂ?dy—/:()(/:lrlnerr)da_

/ (/ 2r1nrdr> a_2/ (/ rlnrdr)da.
/fg—fg /fg

Let g(r) =Inr and f'(r) = r. Then ¢/(r) = 1 and f(r) = é Thus

2 2 2 2 1 1 2
/ rlnrdr:{rlnr} —/ Lfdv"—21n2—fln1—/ Idr:
r—1 2 1 Jr=1 2 2 r=1 2

177272 1
:2In2—[r} —21n2—<2—>:2ln2—3.
22, 2 1

m 2 T ™
2/ (/ rlnrdr)dazZ/ 21n2—3da:2[a(21n2—3>} =
a=0 r=1 a=0 4 4 a=0
ooz s
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Exercise 5.2.3 Calculate the integral of

flz,y) = /4 — 22 —y?

over the set T = {(z,y)| 2> +y? < 1}. (i.e. calculate the volume of the
body enclosed by a cylinder and a hemisphere.)

Solution. With substitutions x = r cos a, y = rsin & we have that
H={(ra)|0<r<1,0<a< 27}

therefore

//Tf(x,y)dxdy:/jﬂo (/rlor\/4—r2d7') do =

([ [ G

2 Juso L (3/2)

_ L (33/2 - 43/2>2da — _1<33/2 — 43/2>2/27r 1da =
2 Ja= 3 2 3 Ja=0

33/2 _ 43/2) 2[a]g7r _ 27 <33/2 _ 43/2) _

3 3

-5 (1) -3 (-om)
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Exercise 5.2.4 Calculate the volume of the body enclosed by the paraboloid

z=8— 2% — 2

and the plane z = 0.

Solution. Let f(z,y) := 8 — 222 — 2y2. The equation 0 = 8 — 222 — 2y
implies that 22 +y? = 4. So we have to integrate over the, where the center
of the disk is the origin and the radius is 2: T' = {(z,y)| 2? + y? < 4} As

H={(ra)|0<r<2,0<a< 21}

therefore with substitution x = r cos «, y = rsin a we get that

//Tf(fﬁ,y)dﬂﬁdyzf():</rio(8—2r2)rdr> dov =
4

o2 2 o r2 r 2
:/ (/ 87‘—27‘3dr> da:/ [8—2} da =
a=0 r=0 a=0 2 4 r=0

2
/ 16 — 8do = [8a)*™, = 167.

a=0
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5.3 Applications

Exercise 5.3.1 Cualculate the mass of the inhomogeneous thin plate if den-
sity of the plate: p(x,y) = 6z + 6y +6 [g/cm?]. Give the coordinates of the
center of the mass with the help of density.

Solution. m = [ [, p(z, y)d:ndy:fol( 2x6m+6y+6dy> dr =
2
= Jy {6xy+6y—2+6y} dz = [y 6z -2 +6- o) ) +6-2xdr =
= Jy 1202 + 120 + 120 = [24- 5 412 J;} =846-0=14[g).

S [ [, @p(ay) dedy _ fnyp x,y) dedy
ST T play) dedy Ys | [, p@y) dzdy ’

) [ [, =(6z+6y-+6) dudy f [, v (6z-+6y-+6) dacdy
i.e here: zg = 1" T 1Y I
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& WolframAlpha
integrate(integrate x*(6x+6y+6) dy from y=0 to 2x)dx from x=0to 1 a8 ‘

1 Zx
r r‘x(6x+6y+6)dydx=10
Jo Jo

| integrate(integrate y*(6x+6y+6) dy from y=0 to 2x)dx from x=0 to 1 a2 |

= oEm B 2 = examples == Random

\ o
rf\y(6x+6y+6)dyn‘x: 11
Jo o

Thus zg = % and yg = %.

Exercise 5.3.2 Cualculate the mass of the inhomogeneous cube if density
of the cube: p(z,y,2) = 22 +y [g/cm3]. Give the coordinates of the centroid
with the help of density.

Solution. H = {(z,y,2)[0 <2 <2, 0<y <2 0<z<2}
m= [ [ [yp(x,y,2)dvdydz = [§ (fo2 ( 22 +ydz) dy) de =
=2 (f02 (22 +y) - 2]} dy) dr = [? (foz(:nQ-l-y)-Q—Ody) dx =
= f02 (f02 2x2+2ydy> dx = f02 [2$2y—|—y2](2) dx = f02 4a% + 4dr =
R R T R e et

T — [ [gx-plz,y,2)dedydz _ [ [qy-plz,y,2)dedydz
° [ Jup(x,y, 2) dedydz bs [ Jyp(x,y,2)dedydz ’
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_ fffHZ 'p(xvyvz) d.’Edde

Zo =
5T T Ju oy, 2) dedydz
i.e. here:
J [ Jg - (2% +y) dedydz IS gy (2 +y)dedydz
rs = 56 y Ys = 56 )
3 3
INNITEE (22 4 y) dedydz
29 = 55
3

Thus

| integrate(integrate(integrate x*(x~2+Y) dz from z=0 to 2)dy from y=0 to 2)dx from x=0 to 8 ‘

=EoE B T = Examples == Random

| fff-"(xz +y)dzdydx=24

integrate(integrate(integrate y*(x~2+Y) dz from z=0 to 2)dy from y=0 to 2)dx from x=0 to 8 ‘

= e s S = Examples >2 Random

Fffy(xz-l—y)dzdydx:Eﬁ21.3333
o Jo Jo 3

More digits

integrate(integrate(integrate z*(x~2+Yy) dz from z=0 to 2)dy from y=0 to 2)dx from x=0 to 8 ‘

= e s S = Examples >2 Random

fffz(xz +y)dzdydx =22 ~ 18.6667
o Jo Jo 3

More digits
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Remark 5.3.1 Let D C R? be a bounded, closed set and let hy,hy: D — R
be continuous functions with hy(z,y) < ho(z,y) for all (x,y) € D. Then
the set

H={(z,y,2): (x,y) € D; hi(x,y) <z < ho(x,y)}

1s called normal domain with respect to the xy-coordinate plane over D.
If f: H— R is a continuous function, then

/// // (/,llm;y)fxy, )dz> dz dy.

Exercise 5.3.3 A body is enclosed by the xy coordinate plane, the cylinder
z=y? and the planes x =0, x = 1, y = —1, y = 1 (The length is measured
in [dm]). Calculate the mass, if the density function is p(z,y,z) = 2x
[kg/dm?).

Solution.

m = /// T,Y, 2 dxdydz-// </ - p(x y,z)dz) dxdy

mzfol (/11 (/Oy 2xdz>dy>dx:/ol (/11[2xz]32dy)dx:
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hi(z,y) =0

D=0,1 x[-1,1]

Exercise 5.3.4 Cualculate the surface area of the body above.

Solution.

(zoy) €[0,1] x [-1.1)

F=F+2-F+2 -F3+F)

e Calculation of Fi:
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f(fﬂy)zyQ, (z,y) €[0,1] x [-1,1]
z,y) =0, fi(z,y) =2y

F = //[01]x[11] P02+ ()2 + Ldwdy =

[ ([ Vi)

We use the rule of integral with substitution for the ”inner integral.

/ 2y =sht= y=1sht; t =arsh?2

= %cht = dy = %chtdt

1 1
:/\/(sht)2+1-§chtdt: | ch?t—sh? =1 } = 5-/ch2tdt:

= [ ch?t =%+ eh2t | / + ch2tdt =
1 <1t+1 sh2t> _t+sh2t+ B
“2\2 T2 2 TatTy T

- [ sh2t:2~sht-cht:2-sht-\/1+sh2t}:
B arsh2y+2-2y-\/1+(2y)2 N
N 8

4
N arsh2y+y- 1+ (29)?
4 2
1
1 h?2 -4/1 2y)?2
(*):/ lars y+y +(y)] dr =
0 4 2 L

L Carsh2 V5 arsh(—=2) —/5
- (4 +2>_< T 2>d$:

h?2 h?2 1 h?2
:/ ars \[dx_Karz —1—\/5)33} _ars _'_\/5
0

thus

arsh 2

F=—0—+ V5 & 2.9579 [dm?).
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e Calculation of F5

1 31 g N 2
B=[ ydy=|L :—<—>:d2.
2 /,11/ Y l3]1 3 3) = 3 ldm]

The investigated surface area:

2
F:F1—|—2-F2—|—2-F3—|—F4z2.9579+2~§+2-1+2m8.29

Exercise 5.3.5 Cualculate the mass the wedge determined by the cylinder

2 +y?> = 1 and the planes z = —y and z = 0. The density function is

p(z,y,z) = 22.

Solution.

m:///Hp(x,y,z) da:dydz://D </O—y 22 dz) dxdy = (%x)

D={(r,a): rel0,1], a € m 27|}
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37 7Y 3
1
(**):// z d:z:dy:// —yfdxdyz—*// y® dody =
D|3 0 p 3 3 D
1t . 13 R S A _
== (r-sina)’-rdr| do=—= r*-sin® adr | doa =
3 T 0 3 ™ 0

1 o 5 1 27r1
S r—.singa doao = —= — .sin*ada =
3. |5 . 3Jr 5
1 27 1 2w
:_ﬁ/ sina-(l—cosQOz)da:—B sina — sin « - cos® a da =
1 +COS3Oé \
= ——.|—cosa =
15 3 -

Remark 5.3.2 We can calculate the mass in the previous example as fol-

lows:
1 0 -y
m = (/ </ 22d2> dy) dx
r=—1 y=—+/1—x2 0

Exercise 5.3.6 The position-time function of a particle can be given by
r(t) = (cost,sint,t), t € [0,4n]. Calculate the covered distance between
the moments t1 =0 and to = .

Solution. We have to calculate the arclength:
to to
L= ") at (: [ dt>
t1 t1
L= / |(—sint,cost,1)|dt = / \/(—simt)2 + (cost)? +12dt =
0 0

:/O”ﬁdt: V2] =var-v20=va-m

Remark: The arclength function is o(t) = /2 -t
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5.4 Line integral, Surface integral

If G is a continuously differentiable curve parametrized by r(t); t1 <t < ta,
then line integral of the continuous vector field v(r) along G is

to

v dr= [ o) o) at
G t1

If the vector field v(r) is continuous and the surface F' is parametrized

by the continuously differentiable function r = r(u,v), then the surface

integral of v over I is calculated by

LﬂﬂﬂMZ//ﬁwwm%(mgwx&gf»dMu

Divergence theorem (Gauss, Ostrogradsky): Suppose V is a compact
body bounded by a closed regular surface F' and the orientation of F' is
given by an outward-pointing normal vector field. If the vector field v is
continuously differentiable in the points of an open set containing the body

V, then
/Qdf:/divydv.
F \%4

The integral on the right hand side is a volume integral, where dV =
dzdydz.

Exercise 5.4.1 Calculate the line integral of the vector field v(r) along the
segment (as a curve) with endpoints A and B.

v(z,y,z2) =(y+z,2+z,x+y) A(l,-2,3), B(2,1,4)

Solution. The segment is the subset of the line passes through the points A
and B. The directional vector of the line: AB = (1, 3,1), thus the segment
AB can be given in the following way:

G:t—=rt)=>0+t-2+3t,3+¢t), te]0,1]
1

/y(z) dr= [ v(1+t,-2+3t,3+t)e(1,3,1)dt =
G 0
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(=2 +3t)+ (3+1) 1

1
:/ I+t +3+t) |of 3| a=
O\ (1+t)+(—2+30) 1
L 1+4t 1
:/ 442t |eof| 3| dt=
O\ —1+40) 1

1
=/ Lo (1448)+3- (4420 + 1+ (=1 +4t) dt =
0
1

:[7t2+12t} —7-12412-1-0=19

1 2 1
= / 14t +12 dt = |14— 4+ 12¢
0 2 0 0

Exercise 5.4.2 Calculate of the surface integral of v over F if v(x,y, z) =
(xy,zQ,y) and F given by

r(u,v) = <u,uv,v2) , (u,v) € [-1,2] x [0,1]

Solution. With the notation D := [—1,2] x [0, 1] we have that
[ vy ar= [[ stuueye (25 2D qugy =
Or(u,v) Or(u,v)
S At Ay Skt 2
8“ ( 7/1)70)7 av (O,U, U)
87"53“’”) x 87";”’”) =1 v 0]1 v =
Y Y 0w 2v|0 u
202
=202 040 j+u-k—(0-k+0-i+2-v-j) =20% —2vj+uk = | —2v
u
U uv u?v
v(u,uv,v?) = | (@2)?% | = !

uv uv
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2

ucv 202
(%) = // vd o| —2v dudv = // 2003 — 20° + v dudv =
b o, U b

2 1
= / </ 2u0% — 20° + v dv> du =
u=-—1 v=0

1
2 [ 21)4 06 202

2 1 1 1 1 2 1 1 1
= / {u2v4 e u2v2] du = / —u— -4 P —0du=
u——1 12 3 2 V=0 w——1 2 3 2

2 1 w1 ]’ 8 2 (-1 1
2
= ——du=|——<= = (—=4+=)=2
e 3 [3 3“L:_1 373 (3 +3)
Exercise 5.4.3 Calculate the line integral of v(x, vy, 2) = (zy?z, 2%yz, %nyQ)

if the curve is a circle given by 2> +y> =4, z = 0.

Solution.
G: r(t)=(2-cost,2-sint,0) te€[0,2n]
r'(t) = (=2 -sint,2 - cost,0)

1
v(r(t)) = v(2-cost,2-sint, 0) = (0,0, 3 4-cos®t-4-sin’t) =
=(0,0,8 - cos?t - sin’t)

to 21
/Gy(z) dr:/tl we@®) e/ (t) dt = [ 0dt =o0.

0

Exercise 5.4.4 Calculate the integrals in the Divergence theorem if v(x,y, z) =
(vy, zz,yz) and the body enclosed by the planes x = 0, y = 0, z = 0 and
r+y+z=1.
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Solution.

/ydfz ydf+/ vdf+ [ vdf+ [ wdf
F F1 Fo» Fyz

Fuy
o Fi: ri(wv) = (u,v,1—u—v) Dy ={(u,v): wel01,0<v<
1—u}
ory B Ory _ _
= (u,v) = (1,0, 1) . (u,v) = (0,1,-1)
i Jj ok
ory(u,v) S Ory(u,v) =10 —1|=(1,1,1
ou v 0 -1

1
o (u,0)) = (wv, (1 —u — v)u, v(1 — u — v))
e Fro rpu(u,0) = (,0,0) Dys = {(w,0): we[0,1,0<0<1—u}
(1. (u,v)) = (0,uv,0)
o Fyo: ry(u,0) = (0,u,0) Dyo = {(u,v) : uwel[0,1,0<v<1—u}
v(ry.(u,v)) = (0,0, uv)
o Fuyt 1y.(u,0) = (4,0,0) Dyy = {(u,0): uwe[0,1,0<v<1—u}

Q(fa:y (u,v)) = (uv,0,0)
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0,—1,0) dudv+

Jrvdf = [[p,v(ri(u,v))e(1,1,1) dudv+ [ v(r,.( (
) ¢ (0,0,—1) dudv

fnyzQ(ﬁyZ(u,v)) e (—1,0,0) dudv + fwaQ(zxy(u,v)

~

<
~—
~—

®

/vdf / / Ju—u —uv,v—uv —v?) e (1,1,1) dudv+
u=0 Jv=
+/ / (0,uv,0) @ (0,—1,0) dudv+
u=0 Jv=

+/ / (0,0,uv) ® (—1,0,0) dudv+
u=0 Jov=

+/ / (uv,0,0) e (0,0,—1) dudv
u=0 Ju=

/ydf:/ / uv 4+ u — u® — uwv + v — uv — v? dudv+
F =0 Jv=0

1 1—u
+/ / —uv dudv +0+0 =
u=0 Jou=0

1 1—u
:/ / (u+v) — (u? + 2uv + v?) dudv =

—/ / (u+v) — (u+v)? dudv =
u=0 Jv=

/1 (u+v)?2  (u+v)? . d /1 1 1 u?  ud d
. u = —_— = — _—— — u =
u=0 2-1 3-1 o0 wu=02 3 2 3
1 1 1 1 1 1
2 3 3 4
= -z du = = Sl -
/ Tawdu= {6“ 6" T 1" LZO 12

Now we calculate the rlght hand side of the Divergence theorem:

divy(‘xu Y, Z) = 817)1(337 Y, Z) + aQUQ(ma Y, Z) + 83’()3(1', Y, Z) =Yy +0+ Y= 2y

D=A{(zx,y): 2€[0,1,0<y<1—x}
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On the other hand the body can be given as a normal domain in the space
(enclosed by surfaces), thus

hQ(CE,'y)
/divy dV:// / divv(z,y,z)dz | dedy =
|4 D hl(l‘,y)
1 1—x l—x—y
L))
0 \Jo 0

= 01 (/Ol_x 291 —x — y)dy) dx =

1

11—z
= (/ (2y — 2zy — 2y2)dy> dr =
0

0
1—x
:/01 [yg_xy2_§y3:|0 dr =
! 2
= [ a? e w? - L1 a) da =
0 3
1 1

:/3 (1—x)2(1—x)—§(1—x)3d$:/0 g(1—3;)35135:

I 1 1
_3'[4«—1)10:12‘[“‘x)ﬂo—‘n'(("”—12




